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Abstract: We study the dynamics and symplectic topology of energy hyper- 
surfaces of mechanical Hamiltonians on twisted cotangent bundles. We pay 
particular attention to periodic orbits, displaceability, stability and the contact 
type property, and the changes that occur at the Mafie critical value c. Our 
main tool is Rabinowitz Floer homology. We show that it is defined for hyper- 
surfaces that are either stable tame or virtually contact, and that it is invariant 
under homotopies in these classes. If the configuration space admits a metric 
of negative curvature, then Rabinowitz Floer homology does not vanish for en- 
ergy levels k > c and, as a consequence, these level sets are not displaceable. 
We provide a large class of examples in which Rabinowitz Floer homology is 
non-zero for energy levels k > c but vanishes for fc < c, so levels above and 
below c cannot be connected by a stable tame homotopy. Moreover, we show 
that for strictly 1/4-pinched negative curvature and non-exact magnetic fields 
all sufficiently high energy levels are non-stable, provided that the dimension of 
the base manifold is even and different from two. 



Contents 

1 Introduction 

2 Stable Hamiltonian structures and hypersurfaces 



3 Tame hypersurfaces \14 



Rabinowitz Floer homology |l( 



4.1 Rabinowitz action functional [18 

4.2 Bound on the Lagrange multiplier 

4.2.1 A second Liapunov function for gradient flow lines .... [^^ 



4.2.2 Admissible tuples |24 



'Partially supported by DFG grant CI 45/1-3 



1 



4.2.3 The stable pseudo-distance |3C 



4.2.4 The time-dependent case |31 



4.3 An existence result for a periodic Reeb orbit 3^ 



4.4 Approvable perturbations |45 



4.5 Definition of Rabinowitz Floer homology |53 



4.6 Invariance 57 



5 Mane's critical values |6C 

5.1 Definition and basic properties |6C 



5.2 Hyperbolic spaces |63 



5.3 The exact case 65 



5.4 Instability for large energies when [cr] 7^ |68 



6 Homogeneous examples |73 



6.1 Tori 74 



6.2 The Heisenberg group |76 



6.3 PSL{2,R) |81 



6.4 Sol-manifolds 



6.5 The case of c symplectic |92 



Proofs of the theorems 94 



7.1 Proof of Theorem O M 



7.2 Proof of Theorem O |96 



7.3 Proof of Theorem O 96 



7.4 Proof of Theorem O 96 



7.5 Proof of Theorem O 96 



7.6 Proof of Theorems HHHIH] and HH] |97 



1 Introduction 

In this paper we study the significance of Marie's critical value to the symplectic 
topology of energy hypersurfaces. Steps in this direction were taken in [7l [62l[7l] . 
but here we will have a different focus. We will attempt to relate Marie's critical 
value with stable Hamiltonian structures and a new type of Floer homology that 
we develop along the lines of |12| . namely Rabinowitz Floer homology. 

On the cotangent bundle t : T* M M oi a. closed manifold M we consider 
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autonomous Hamiltonian systems defined by a convex Hamiltonian 

Hiq,p)^l\p\^ + Uiq) 
and a twisted symplectic form 

Lu = dp A dq + T* a. 

Here dp A dq is the canonical symplectic form in canonical coordinates {q,p) on 
T*M, \p\ denotes the dual norm of a Riemannian metric g on M, J7: M — >■ R 
is a smooth potential, and cr is a closed 2-form on M. This Hamiltonian system 
describes the motion of a particle on M subject to the conservative force —VU 
and the magnetic field a. 

We assume that a vanishes on 7r2(A/), so its puUback it* a to the universal cover 
tt: M — M is exact. The Mane critical valued is defined as 

c = c{g, a, U) := inf s\x^H{q, 0q), 

where the infimum is taken over all 1-forms 6 on M with d9 = TT*a and H is 
the lift of H. 

We wish to understand how dynamical and symplectic topological properties 
of regular level sets = H~^{k) change as k passes the Maiie critical value. 
More specifically, we will investigate the following properties. 

Dynamics. The dynamics usually changes drastically at the Marie critical 
value; we will provide abundant examples of this in Section |6] of this paper. We 
will pay particular attention to the existence or non-existence of periodic orbits 
in given free homotopy classes of loops. The study of the existence of closed 
orbits of a charged particle in a magnetic field was initiated by V.I. Arnold [1] 
and S.P. Novikov [5l] in the 1980's. 

Displaceability. A subset A of a symplectic manifold {V, u) is displaceable if 
there exists a Hamiltonian diffeomorphism (time-1 map of a time-dependent 
compactly supported Hamiltonian system) (j) with (f>{A) n A = 0. Among the 
many consequences of displaceability, the most relevant for this paper is the 
following result of Schlenk [65]: If for H as above and some ko the set {H < feg} 
is displaceable, then it has finite Hofer-Zehnder capacity (see [40]) and for almost 
every k < ko the energy level carries a contractible periodic orbit. 

Contact type. A hypersurface E in a symplectic manifold (V^^",a;) is of contact 
type if wjs = dX for a contact form A on E, i.e. a 1-form such that A A (c?A)"~^ 
is nowhere vanishing. This property was introduced by Weinstein I69j and has 
important dynamical consequences. For example, for large classes of contact 
type hypersurfaces the existence of a periodic orbit has been proved ( "Weinstein 

^More generally, there is a Mane critical value associated to any cover of A/ on which cr 
becomes exact. In this paper, we will mostly restrict to the universal and abelian covers. 
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conjecture", see e.g. [301 IZO])- Moreover, algebraic counts of periodic orbits can 
be organized into invariants of such hypersurfaces such as contact homology or 
symplectic field theory |23) . 

We say that a hypcrsurface E is virtually contact if 7r*w|g = dX for a contact 
form A on a cover tt : E — > E satisfying 

sup |A^| < C < cx), inf A(i?) > e > 0, 

where | • | is a metric on S and i? is a vector field generating ker(a;|s) (both pulled 
back to S). A virtually contact homotopy is a smooth homotopy (St, At) of 
virtually contact hypersurfaces together with the corresponding 1-forms on the 
covers such that the preceding conditions hold with constants C, e independent 
oft. 

Stability and tameness. A hypcrsurface S in a symplectic manifold (y^",a;) is 
stable if there exists a 1-forni A on E which is nonzero on ker(a;|s) and satisfies 
ker(a;|E) C ker(dA). Note that contact type implies stability, but stability is 
more general, e.g. it allows for a;|s to be non-exact. The notion of stability 
was introduced by Hofer and Zehnder |40] and shares many consequences of 
the contact type condition, e.g. existence results for periodic orbits 40J and 
algebraic invariants arising from symplectic field theory [23 . A stable homo- 
topy is a smooth homotopy (Et, At) of stable hypersurfaces together with the 
corresponding 1-forms. 

Suppose now oj vanishes on Tr2{V), and let Ar(E) be the set of all closed char- 
acteristics in E which are contractible in V. We define the function 



by choosing for v e A"(E) a filling disk v inV which exists since v is contractible 
in V, and setting 



The pair (E, A) is said to be tame if there exists a positive constant c such that 



*A 



< c\n{v)\ 



for all V G ^(E). Again, abundant examples of tame stable hypersurfaces will 
be given in Section [6l but we should mention that there are also examples of 
stable non-tame hypersurfaces, see [2TJ Example 5.1] and [17 . 

A stable homotopy (Et, At) is said to be tame if each (Ef, At) is tame and the 
constant c is independent of t. 

We remark that when is a cotangent bundle T*M, then A^(E) coincides 
with the closed orbits in E whose projection to M is contractible. Moreover, if 
dim M > 3 and there is no potential, it follows from the homotopy sequence of 
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a fibration that 7ri(I]) injects into 7ri(T*M) and thus XCE) coincides with the 
set of closed orbits in E which are contractible in S itself. 

Rabinowitz Floer homology. In [T^] the first two authors associated to a con- 
tact type hypersurface S in a symplectic manifold (V, uj) (satisfying suitable 
conditions, see Section |4]) its Rabinowitz Floer homology RFH(S). This is a 
graded Z2-vector space which is invariant under contact type homotopies of E. 
Its relevance for our purposes rests on the following two results in [12] : Displace- 
ability of E implies vanishing of i?FiJ(E), and vanishing of RFHCE) implies 
the existence of a periodic orbit on E which is contractible in V. To make these 
results applicable to the situation considered in this paper, we generalize in 
Section |4] the construction of Rabinowitz Floer homology to hypersurfaces that 
are stable tame or virtually contact, and to the corresponding homotopies. The 
generalization to the stable case is definitely non-trivial. The generalization to 
the virtually contact case is straightforward, but necessary, as we will try to 
explain in due time. In what follows we shall assume that E is separating, i.e. 
y \ E consists of two connected components. 

We call a symplectic manifold (V, w) geometrically bounded if it admits a uj- 
compatible almost complex structure J and a complete Riemannian metric such 
that 

(i) there are positive constants ci and C2 such that 

u}{v,Jv) > ci\vf, \uj{u,v)\ < C2\u\\v\ 
for all tangent vectors u and v to V; 

(ii) The sectional curvature of the metric is bounded above and its injectivity 
radius is bounded away from zero. 

This is slightly stronger than the corresponding notion in [B] since we demand 
w-compatibility. It is proved in [46 that twisted cotangent bundles are geomet- 
rically bounded. 

Theorem 1.1. Let {V,uj) be a geometrically bounded symplectic manifold such 
that Uj\T^^(^yj — (e.g. a twisted cotangent bundle as above). Then: 

(a) Rabinowitz Floer homology RFH{T,) is defined for each tame stable hyper- 
surface E and invariant under tame stable homotopies. 

(b) Rabinowitz Floer homology RFHiYi) is defined for each virtually contact 
hypersurface E and invariant under virtually contact homotopies provided that 
7ri(E) injects into ■ni{V). 

(c) If Y, is as in (a) or (b) and is displaceable, then RFH{Y,) = 0. 

(d) If E is as in (a) or (b) satisfies RFH{Yi) = 0, then it carries a periodic 
orbit which is contractible in V . 

We remark at once that Schlenk's result alluded to above can be derived right 
away from Theorem 11.11 if we assume that the hypersurface is tame. How- 
ever, the compactness result proved in Section |4] will show that one can recover 



5 



Schlenk's result fully, i.e. we can do without the tameness assumption, this is 
explained in Subsection 14.31 

One of the goals of this paper is to provide supporting evidence for the following 
paradigms: 

(k > c): Above the Mane critical value, Sfc is virtually contact. It may or may 
not be stable. Its Rabinowitz Floer homology RFH{Yik) is defined and nonzero, 
so Efc is non-displaceable. The dynamics on is like that of a geodesic flow; 
in particular, it has a periodic orbit in every nontrivial free homotopy class. 

(fc = c): At the Maiie critical value, Sfc is non-displaceable and can be expected 
to be non-stable (hence non-contact). (When M is the 2-torus, an example is 
given in [21] in which Ec is of contact type.) 

(fc < c); Below the Mafie critical value, Ej, may or may not be of contact type. 
It is stable and displaceable (provided that x(M) =0), so its Rabinowitz Floer 
homology RFH{T,k) is defined and vanishes. In particular, E^ has a contractible 
periodic orbit. 

Some of these statements will be proved, others verified for various classes of 
examples, while some remain largely open. It should be said that the paradigms 
for energies fc < c are only rough approximations to the true picture. For exam- 
ple, work in progress [17] shows that there are convex superlinear Hamiltonians 
on T" (for any n > 2) for which E^ is actually stable. 

The first supporting evidence for the paradigms comes from the following 

Theorem 1.2. For a = all the paradigms are true. Moreover, in this case all 
regular level sets are of contact type. 

A well-known example with a ^ where all the paradigms are true is a closed 
hyperbolic surface with a the area form [29]. Here for k > c = 1/2, E^ is 
contact and Anosov with all closed orbits non-contractible; for fc < 1/2, E^ is 
stable (in fact contact with the opposite orientation) and the flow is completely 
periodic with contractible orbits; for fc = 1/2, E^ is unstable and the flow is the 
horocycle flow without periodic orbits. We briefly discuss this example, as well 
as its generalization to higher dimensions, in Section [521 

Theorem 1.3. Suppose that M admits a metric of negative curvature. Then 
for k > c the Rabinowitz Floer homology RFH{Yik) is defined and does not 
vanish. In particular, E^ is non-displaceable for k > c. 

Remark. We point out that the chosen metric on M need not have negative 
curvature (we merely ask the existence of such a metric on M) and the dynamics 
on E/j need not be a small perturbation of the geodesic flow. The proof of 
Theorem 11.31 uses invariance of Rabinowitz Floer homology in a crucial way. 
In fact, existence of a metric of negative curvature is a technical hypothesis 
that can most likely be removed by establishing invariance of Rabinowitz Floer 
homology under more general deformations, e.g. deforming the symplectic form 
in a suitable class or adding an additional Hamiltonian term, d 

^Note added in proof: Non- vanishing of RFH{Tii^) has in the meantime been proven with- 
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If cr is exact one can define another Mane critical value 
Co = Co(g, cr, U) := inf sup H{q, 9q), 

where the infimum is taken over all l-forms 9 on M with dO — a. Note that 
Co > c. For fc > Co the level set Sfc encloses the Lagrangian graph gr(— 6*) 
and is therefore non-displaceable by Gromov's theorem [35]. However, there are 
examples [61 with c < cq. Non-displaceability for the gap c < fc < cq is new. In 
Theorem 15.51 we show that the gap appears rather frequently and in Section [6] 
we will explain how a gap of size 1/4 appears quite explicitly in the geometry 
PS'L(2,R). 

We set Co := oo if ct is non-exact. Then the contact type property behaves as 
follows with respect to the values c and co- Suppose dimM > 3. Then: 

• for fc > Co, Sfe is of contact type fLemma l5.3p : 

• for c < A: < Co, Sfc is virtually contact but not of contact type fLemma l5.1l 
and [H Theorem B.l]). 

It turns out that whole intervals of unstable levels may appear in the gap. The 
first example where this phenomenon occurs was constructed in |61j on surfaces 
of negative curvature and with exact cr, see Theorem 15 .41 below. With non-exact 
cr, this phenomenon always occurs for strictly 1/4-pinched negative sectional 
curvature. 

Theorem 1.4. Let {M,g) be a closed Riemannian manifold of even dimension 
different from two whose sectional curvature satisfies the pinching condition 
—4 < K < ~1. Let a be a closed 2-form with cohomology class [a] 7^ 0. Then 
c < Cq = 00 and for any k > c sufficiently large, the hypersurface is not 
stable. 

The theorem becomes false if the strict pinching condition is replaced by the 
weak one —4 < K < —1: Compact quotients of complex hyperbolic space with 
cr given by the Kahler form are stable for high energies (cf. Subsection [521) • 

The next result is an easy consequence of the results by Schlenk and will be 
useful to show non-stability at the Maiie critical value in the various examples. 

Theorem 1.5. Suppose that at the Mane critical value c, Ec has no contractible 
periodic orbits. Then E^, is non-stable provided that all level sets Ej, with k < c 
are displaceable. 

More evidence for the displaceability of E^ with k < c comes from results of 
F. Laudenbach and J.-C. Sikorav [45] and L. Polterovich |,63.^ which assert that 

out the hypothesis of a metric of negative curvature, for a exact and fc > cq in [l], and for 
general cr and all fc > c in [55 j . 
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the zero section of {T*M,uj) is actually displaceable if a is non-zero (assum- 
ing x(M) = 0). Moreover, for a large class of cotangent bundles of solvable 
manifolds with [a] ^0, displaceability for all fc < c = oo is proved in |10| . 

As an illustration of the homogeneous examples considered in Section [51 let G 
be the 3-dimensional Heisenberg group of matrices 



where x,y, z € M. The 1-form j :— dz — xdy is left-invariant and we let a := dj 
be the exact magnetic field. If F is a co-compact lattice in G, M :— T \ G is a 
closed 3-manifold and cr descends to an exact 2-form on M. Now let H be the 
left- invariant Hamiltonian defined in dual coordinates by 



Theorem 1.6. Consider M , H and a as above. Then all the paradigms are 
true. More precisely: Each level Sfc except the Marie critical level c = cq = 1/2 
is stable and tame. For k > 1/2 it is contact and RFH{Tik) 7^ 0. For fc < 1/2 
it is non-contact and displaceable, so RFH(T,k) — 0. Efc has no contractible 



By invariance of Rabinowitz Floer homology under tame stable homotopies, this 
implies 

Corollary 1.7. In the example of Theorem 11.61 two level sets S^,!]^ with k < 
1/2 < £ are smoothly homotopic and tame stable, but not tame stably homotopic. 

An even more intriguing example arises on compact quotients M :— T\PSL{2, M) 
Let {x,y,d) be coordinates on PSL{2,M.) arising from its identification with 
5IHI^ ~ X 5*^, the unit tangent bundle of the upper half plane. The left- 
invariant 1-form "/ = dx/y + d0 gives rise to an exact magnetic field a := ^7 on 
M . Let H be the left-invariant Hamiltonian defined in dual coordinates by 



Theorem 1.8. Consider M , H and a as above. Then all the paradigms are 
true. More precisely: Each level Sfc except the Mane critical levels c = 1/4 and 
Co = 1/2 is stable and tame. For k > 1/2 it is contact and RFH^Tik) ^ 0. For 
1/4 < fc < 1/2 it is non-contact and RFH{T,k) 0. For fc < 1/4 it is non- 
contact and displaceable, so RFH^Tik) — 0. Sfc has no contractible periodic 
orbits for k > 1/4. The level sets S1/4 and S1/2 stable. 

Remark. Non-stability of the Marie critical level c in Theorems 11.61 and 11.81 
follows from Theorem 11.51 Non-stability of the level cq in Theorem 11.81 follows 
from a detailed analysis of the dynamics on the level set. Note that the level cq 
is virtually contact; in fact for any k > 1/4, Sfe is virtually contact. 




2H := pI + {py + xp,)^ + pI 



periodic orbits for k > 1/2. The level set S1/2 is not stable. 



2H:= {yp:,~pef + {ypyf +pI- 
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Finally, we also point out the following examples with infinite Mane critical 
value. An analogous picture arises on Sol- manifolds discussed in Section [6^ 

Theorem 1.9. Consider the n-torus M = T" and a nonzero constant 2-form 
(J. Then the Mane critical value is c = oo and all level sets are non-contact, 
stable, tame and displaceable, so RFH(T,^.) = for all k. 

We conclude this paper with a discussion of very high and low energy levels. 
For levels k > c the only remaining issue is: 

Conjecture. For k > c the Rabinowitz Floer homology RFH{Yik) does not 
vanish. In particular, Sfe is non-displaceable for k > c. 

It is known that for fc > c, carries a periodic orbit in every nontrivial free 
homotopy class of loops (this is proved in [SD] under a mild technical condition 
on 7ri(M), which is removed in 

For k < c the dynamics is much less well understood, even for very small values 
of k. li a ^ 0, the results of Polterovich and Schlcnk mentioned above yield 
a fco > such that is displaceable for all fc < fcg and carries a contractible 
periodic orbit for almost all fc < fco- However, the following basic question is 
wide open: 

Question. Is Efc stable for sufficiently small fc, at least in the case that cr is a 
symplectic form on M7 

A positive answer to the question would give an alternative proof of the existence 
of closed contractible orbits on every low energy level for a symplectic. This 
has been recently proved by V. Ginzburg and B. Giirel |30]. In Section [6.51 
(Proposition l6.19l) we give an affirmative answer in the homogeneous symplectic 
case: Let M — T\G be a compact homogeneous space with a left-invariant metric 
and a left-invariant symplectic form a. Then there exists kg > such that for 
all k < ko the hypersurface is stable. 

Acknowledgements: We wish to thank L. Macarini, F. Schlenk and E. Volkov 
for several useful discussions related to this paper. We also thank W. Merry for 
comments and corrections on previous drafts. We thank the organizers of the 
wonderful Conference on Symplectic Geometry, Kyoto 2007, which inspired the 
present work. Finally, we thank the referee for numerous corrections. 

2 Stable Hamiltonian structures and hypersur- 
faces 

stable Hamiltonian structures. Let S be a closed oriented manifold of 
dimension 2n — 1. A Hamiltonian structure on S is a closed 2-form uj such 
that uj"~^ 0. So its kernel ker(w) defines a 1-dimensional foliation which we 
call the characteristic foliation of lo. We orient the characteristic foliation by a 
1-form A such that A A w"^^ > 0. 



9 



A Hamiltonian structure is called stable if there exists a 1-form A such that 
kercj C kerdA and A A > 0. We call A a stabilizing 1-form. Define the 

Reeb vector field R by A(i?) — 1 and ijiu — (which implies iRdX — 0). 

The following two results give equivalent formulations of stability. 

Theorem 2.1 (Wadsley [5H])- A Hamiltonian structure is stable if and 

only if its characteristic foliation is geodesible, i.e. there exists a Riemannian 
metric such that all leaves are geodesies. 

Theorem 2.2 (Sullivan [67]). A Hamiltonian structure (S,w) is non-stable if 
and only if there exists a foliation cycle which can be arbitrarily well approxi- 
mated by boundaries of singular 2-chains tangent to the foliation. 

The simplest obstruction to stability that can appear in Sullivan's theorem is a 
Reeb component, i.e. an embedded annulus tangent to the characteristic foliation 
such that its boundary components are closed leaves with opposite orientations. 

The following criterion for stability (whose proof is immediate) will be useful in 
later examples. 

Lemma 2.3. Let (S^,a;^) be stable Hamiltonian structures and f : E"*" — )■ S~ 
a smooth (not necessarily injective) map which maps leaves diffeomorphically 
onto leaves. If a 1-form A stabilizes {Yj^ ,uj^), then f*X stabilizes (E+,a;+). 

For a Hamiltonian structure (S,aj) we denote by 

A(I],a;) {A G : kerw C kerdA, A A > 0} 

the space of stabilizing 1-forms. It obviously satisfies 

Lemma 2.4. The space A(E,a;) is a convex cone in 57^ (E). In particular, if it 
is nonempty, then it is contractible. 

Stable hypersurfaces. We call a closed oriented connected hypersurface E 
in a connected symplectic manifold (F^" , oj) stable if the following holds: 

(i) loIy: defines a stable Hamiltonian structure; 

(ii) E is separating, i.e. ^ \ E consists of two connected components. 

Condition (a) in the following lemma gives a more dynamical formulation of 
stability and justification for its name. 

Lemma 2.5 (|16j). For a closed hypersurface T, in a .symplectic manifold {V,uj) 
the following are equivalent: 

(a) E is stable in the sense of JJUI, i.e. there exists a tubular neighborhood 
(—£,£) X E o/E = {0} X E such that the Hamiltonian line fields on {r} x E are 
conjugate for all r G (— e,e). 

(b) There exists a vector field Y transverse to E .such that her (ul^:) C kei^Lyi-^lT,)- 

(c) (E,a;|s) is a stable Hamiltonian structure. 



10 



A stable homotopy of hypersurfaces in (V^co) is a smooth homotopy (Sf,At) of 
stable hypersurfaces together with stabihzing 1-forms. 

Stable tubular neighbourhoods. Now assume that S is a stable hypersur- 
face in a symplectic manifold {V,uj). We abbreviate 

If Ae € A(E,wj]) we call the pair (E, As) a stabilized hypersurjace. For a stabi- 
lized hypersurface (S, As) a stable tubular neighbourhood is a pair (p, ■(/;) where 
p > and V' : [— p] x E — > F is an embedding satisfying 

V'l{o}xs = id|s, = ws + rf(rAs) = + rdAs + A As. 

Note that a stable tubular neighbourhood satisfies condition (a) of Lemma 12.51 
We abbreviate by T(S, As) the space of stable tubular neighbourhoods of (E, As). 
We further denote by 

r(s)= U r(s,As) 

ABeA(S,w|s) 

the space of stable tubular neighbourhoods for the stable (but not stabilized) 
hypersurface E. If (Ecr, A^) for a € [0, 1] is a stable homotopy of hypersurfaces 
we abbreviate by T{{T,„}) the space of smooth families (po-, ipa) of stable tubular 
neighbourhoods. 

Proposition 2.6. (a) Assume that (Eo-,A(j) is a stable homotopy of compact 
hypersurfaces. Then T({Ect}) is nonempty. 

(b) If Ti is a compact stable hypersurface, then T(E) is nonempty and path- 
connected. 

Proof, (a) Choose a smooth family of vector fields on V satisfying 

ix^t^x = Act, a; e Ecr. (1) 

Since Eg. is compact the flow (ff-^ exists locally near E^. We observe that 
plugging in the Reeb vector field into ((T)) implies that X„ is transverse to E^. 
Hence we can define a smooth family of diffeomorphisms ■ (~P(t, Pa) x Sg. 
V for po- > by the formula 

■4'a{r,x) = (f)''^^{x), {r,x) e {-p„,p„) X E^.. 

We abbreviate 

= ws„ + d(rAo.). 

Perhaps after shrinking it follows that uj^ is a symplectic structure on 
{—pen Pa) X Ecr. Moreover, it follows from ([T]) that w^r and ?/'*a; agree at 
points of {0} X Eg. Applying Moser's argument, see for example [STJ Lemma 
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3.14], we find a smooth family of > and a smooth family of embeddings 
(/>o-: {-pcPa) X ^ {-pa,Pa) X Satisfying 

0a|{O}xS„ = id, (t)*^1p*UJ = UJ„. 

Now set 

Then (pa-^ipo-) lies in T({Scr}). In particular, T({Ecr}) is nonempty. 

(b) In view of part (a), T(S) is nonempty. To prove that it is path-connected 
we first show that for each A G A(I],a;s) the space T(E,A) is path-connected. 
Let {pi,ipi), (p2, ■02) e T(S, A). By hypothesis, 

i^A = t^ls + d{rX) 

is symplectic on U := (— p, p) for some p > max(pi, ^2)- There exist neighbour- 
hoods Ui and U2 of {0} x S in [/ such that -i/^j^^ot/ji : Ui ^ U2 is an isomorphism 
and 

o V'i)*Wa|c/2 = '^Aki 

Note further that 

V'2'^ o V'i|{o}xs = id. 

Hence after choosing Ui even smaller we can in a Weinstein neighbourhood 
identify the graph T^-i^^^ C {UxU, uj\(B—uj\) with an open subset of the graph 
To- C T*J7 of a closed one- form a on U. Considering the homotopy of graphs 
Tta- for t G [0, 1] we find an e > and a path in T(S, A) between (e, '0i|(-e,e)xs) 
and (e, tp2\{-e,e)x's)- Now concatenating this path with shrinking paths between 
and (e, V'i|(-c,e)xE) as well as between (p2,'02) and (e, V'2|(-e,e)xs) we 
obtain a path between (pi,V'i) and (p2,V'2)- This proves that for fixed A € 
A(E,W2) the space T(E, A) is path-connected. 

Now assume more generally that (po, V'o), (pi, "^i) ^ TC^)- Then there exist 
Ao, Ai e A(E, Wo-) such that 

(po, ^0) e r(E, Ao), (pi, Vi) e r(E, Ai). 

Since we have already seen that T(E,Ao) and 7~(E,Ai) are path-connected it 
suffices to connect arbitrary elements in these spaces by a path in T(E). To 
do that we make use of Lemma 12.41 giving us a path X„ in A(E, uj-^) connecting 
Ao and Ai. Hence we can apply part (a) to the stable homotopy (E,Ao-). This 
proves the proposition. □ 

Contact structures. A Hamiltonian structure is called contact if 

there exists a 1-form A such that dX = uj and AAw"^^ > 0. In particular, A is a 
stabilizing 1-form and A is a (positive) contact form, i.e. A A (rfA)"^^ > 0. Note 
that (E,a;) can be contact only if uj is exact. 

Sullivan's theory in |67) also provides a necessary and sufficient condition for an 
exact Hamiltonian structure (E,aj) being contact. Fix a positive vector field R 
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generating kerw. Every Borel probability measure ^ on S invariant under the 
flow of R gives rise to a 1-current via 

(/i,/3)= / /3er!^(s). 

We say fi is exact if it is exact as a 1-current, i.e. (/i, /3) = for all closed l-forms 
p. 

Theorem 2.7 (McDuff [50]). An exact Hamiltonian structure is non- 

contact if and only if there exists a nontrivial exact positive invariant Borel 
measure /i such that {^i,a) = for some (and hence every) 1-form a with 
da = u!. 



The simplest obstruction to the contact property arises if /i is supported on a 
closed orbit: If there exists a null- homologous closed orbit 7 of kerw such that 
a = for a primitive a of uj, then (S, w) is non-contact. 

The following immediate consequence of the theorem will be useful below. 

Corollary 2.8. An exact Hamiltonian structure is non- contact provided 

there exist two nontrivial exact invariant Borel measures /i± such that , a) > 
and (/z_,a) < for some (and hence every) 1-form a with da = lo. 

Proof. For pL± as in the corollary, some positive linear combination ji = a^ /i+ -|- 
a_/U_ satisfies the condition in Theorem 12.71 □ 

A particular invariant measure is given by the Liouville measure associated to 
a Hamiltonian structure (S, uj, R) with a chosen vector field R generating kerw. 
It is defined by the unique volume form /i G r2^"^^(E) satisfying 



(n- I)!' 



Lemma 2.9. Consider a twisted cotangent bundle {T*M,uj = dp A dq -\r T*a) 
with a convex Hamiltonian H{q,p) — + U{q) as in the Introduction. If 

M ^ T^, then on every regular level set (S^ = _ff~"'^(fc), wjsj. , i? = Xh) the 
Liouville measure is exact as a current. 



Proof. We claim that -^Is^ is exact if M 7^ T^. To see this, let 9 := pdq be 
the Liouville form and compute 

^ {do + tV)"-i = {doy-^ + {n- i)tV a {dey-^. 

On the right-hand side the first term is exact. For n > 3 the second term is 
exact as well and the claim follows, so it remains to consider the case n = 2. If 
k < maxt/ the projection Tk :— t|ej. : Efc — )■ AI is not surjective, so a is exact 
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on the image of and the claim follows. If > max U the Gysin sequence of 
the circle bundle Tfc : — 7> Af yields 

where e is the Euler class of the cotangent bundle of M . If M ^ this Euler 
class is nonzero, so the first map is an isomorphism and the zero map. This 
proves the claim. 

Now let be a primitive of a;"^^|sj^ and (3 G ri^(Efe) be closed. Then 

{n - l)!/3(i?)Ai = {n- 1)!^ MbP^ P^ w""^|sfc = /3 A = -d(/3 A 9) 

is exact, so its integral over vanishes. This proves exactness of /i and hence 
the lemma. □ 

The following immediate consequence of Lemma 12.91 will be used repeatedly in 
this paper. 

Corollary 2.10. In the situation of Lemma \2.9l there exists no 1-form A on 
Efc with dX = and X{R) > 0. 



3 Tame hyper surfaces 

In this section we introduce the notion of weakly tame hypersurfaces in a sym- 
plectic manifold and the notion of tameness for stable hypersurfaces. As the 
name suggests, tame stable hypersurfaces are also weakly tame. We further 
explain what a tame, stable homotopy is. In the forthcoming section [4] we then 
show how for weakly tame, stable hypersurfaces Rabinowitz Floer homology can 
be defined and that Rabinowitz Floer homology is invariant under tame, stable 
homotopies. 

Given a closed hypersurface E in a symplectically aspherical symplectic mani- 
fold (Vjw) we denote by X{I]) the set of closed characteristics in E which are 
contractible in V. We define the function 

n-. x(E) ^ M 

by choosing for v e ^(E) a filling disk v inV which exists since v is contractible 
in V and putting 

n{v) = J v*uj. (2) 

Note that since V is symplectically aspherical the function 57 is well-defined 
independent of the choice of the filling disk. We refer to the function $7 as the 
ui-energy of a closed characteristic. For a < b we abbreviate 

X^(E) ^{v £ X{T,) : a < n{v) < b}. 
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The hypersurface S is called weakly tame if for each a < b the space X^{T,) is 
compact (with the topology of uniform convergence) . 

An example of weakly tame hypersurfaces are hypersurfaces of restricted contact 
type. Indeed if w = dA is exact and the restriction A|s is a contact form on S, 
then each closed characteristic can be parametrised as a periodic orbit of the 
Reeb vector field R\ and hence 

n{v) = y"'^*w = J v*X = Tx{v), 

where T\{v) is the period of w as a periodic orbit of the Reeb vector field 
R\. Therefore the theorem of Arzela-Ascoli implies that S is weakly tame. 
On the other hand an obstruction for being weakly tame is the existence of a 
closed characteristic of vanishing w-energy. Indeed, taking iterates of it we get 
a sequence of closed characteristics of vanishing w-energy having no convergent 
subsequence. 

If the hypersurface S is stable we can define for each A £ A{J^,uj) another 
function 

Ta: ^ (0,oo), v^Jv*X. 

The function T\ associates to v its period as a Reeb orbit of the Reeb vector 
field R\. We note that for two different Ai, A2 G A(I], w) the functions and 
are proportional in the sense that there exist positive constants c^-^ \^ and 
cai,A2 such that 

Indeed, the Reeb vector fields and R\^ are pointing in the same direction at 
each point of S so that there exists a positive function fx^.x^ S C°°(E, (0,oo)) 
such that the formula 

RXl = /Ai,A2^A2 

holds. Since E is compact the function fxi,\2 attains a positive maximum and 
a positive minimum on S and we set 

1 1 



-Al,A2 ~ ' '^>^l:>^2 



nia.xfxi.X2 min/Ai,A2 
for which ([3]) holds. 

A stable hypersurface is called tame if there exists A G A(E,aj) and a constant 
ca such that for all v e X{T,) 

Tx{v) < cx\n{v)\. (4) 

We remark that it follows from ^ and the theorem of Arzela-Ascoli that a 
tame stable hypersurface is weakly tame. We refer to the constant cx as a 
taming constant for A. We note that if there exists a taming constant for one 
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Ai G A(I], Lu) then there exists also a tammg constant for every other stabihzing 
one-form A2 E A(S,cj). Indeed, it follows from ([3]) that 



CA2 = 

£ai,A2 

is a taming constant for A2. We finally introduce the tameness condition for 
stable homotopies. 

A stable homotopy (Et, At) for t e [0, 1] is called tame, if there exists a taming 
constant c > such that 

TM < c\n{v)\, yte[o, 1], Vve x{Et). 



4 Rabinowitz Floer homology 

Rabinowitz Floer homology as the Floer homology of Rabinowitz' action func- 
tional was, for the restricted contact type case, introduced by the first two 
authors in [12'. In this section we generalize as far as possible the construction 
of Rabinowitz Floer homology to the stable case. This generalization is not 
straightforward. The compactness proof for the moduli space of gradient flow 
lines has to be modified considerably in the stable case. The crucial point is 
the occurence of a second Liapunov functional on the moduli space of gradient 
flow lines which is defined via a stabilizing 1-form. One could define Rabinowitz 
Floer homology for a stabilized hypersurface by using a filtration from both 
action functionals. However, since the second action functional depends on the 
stabilizing form, such homology groups might depend on the stabilizing 1-form. 
To avoid this difficulty we only define Rabinowitz Floer homology in the case 
of weakly tame stable hypersurfaces, in which case this trouble does not occur. 

As in the restricted contact type case the Rabinowitz Floer homology groups 
have the property that they vanish if the hypersurface is displaceable and that 
they coincide with the singular homology of the hypersurface in the case that 
there are no contractible Reeb orbits on the hypersurface. In particular, using 
Rabinowitz Floer homology one can recover a theorem due to F. Schlenk, that 
on displaceable stable hypersurfaces there always exists a contractible Reeb 
orbit. Schlenk's theorem actually does not need the weakly tame condition. 
And indeed, if one looks only at the local Rabinowitz Floer homology around 
the action value zero, the general compactness theorem for the moduli space of 
gradient flow lines of Rabinowitz action functional suffices, to recover Schlenk's 
theorem also in the not weakly tame case. 

A further trouble in the stable case which one does not have to worry about 
in the restricted contact type case, is the difficulty that the stability condition 
is not open [15] and hence Rabinowitz action functional cannot be assumed to 
be generically Morse-Bott. We therefore have to introduce an additional per- 
turbation which makes a generically perturbed Rabinowitz action functional 
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Morse. It is however not clear that compactness for the moduh space of gradi- 
ent flow hnes for the perturbed Rabinowitz action functional continues to hold. 
Nevertheless, one can partially overcome this trouble be a procedure which is 
somehow reminiscent of the Conley index in the finite dimensional case. For a 
fixed action window it is possible to choose the perturbation so small that one 
can get a boundary operator by counting only gradient flow lines of the per- 
turbed action functional which are sufficiently close to the gradient fiow lines 
of the unperturbed action functional. Since the perturbation depends on the 
action window the drawback of this construction is, that one cannot define the 
full Rabinowitz Floer chain complex by using Novikov sums as in [T^ . Instead 
one first defines filtered Rabinowitz Floer homology groups and then takes their 
inverse and direct limits. Because inverse and direct limits do not necessarily 
commute one obtains in this way actually two types of Rabinowitz Floer ho- 
mology groups which we denote by RFH and RFH . One can show, see [T5] . 
that in the restricted contact type case the Rabinowitz Floer homology RFH 
as defined in [T^] via Novikov sums coincides with RFH . The two homology 
groups are connected by a canonical homomorphism 

K-.TiFH ^ RFH . 

It is an open question if k is always an isomorphism. The results of [131 suggest 
that it should at least be surjective. But even that is not clear yet, since in [13] 
the first two authors made heavy use of a bidirect system of chain complexes 
which we do not have in the stable case. 

The Rabinowitz Floer homology groups are invariant under tame, stable homo- 
topies. We prove this via an adiabatic version of Floer's continuation homomor- 
phism. For this we need a compactness theorem for gradient flow lines in the 
case that Rabinowitz action functional is also allowed to depend on time. 

This section is organised in the following manner. In section |4?11 we recall the 
deflnition of Rabinowitz action functional, show how its critical points are given 
by Reeb orbits and derive the gradient flow equation. 

In section 14.21 the main ingredient for the compactness proof of the moduli 
spaces of gradient flow lines is established. Rabinowitz action functional is a 
Lagrange multiplier action functional and the main difficulty is to obtain a 
uniform bound on the Lagrange multiplier along gradient flow lines. Once this 
bound is established, the compactness for the moduli spaces of gradient flow 
lines follows from standard arguments well-known in Floer theory. 

In section 14.31 we give a new proof of Schlenk's theorem about the existence 
of a contractible Reeb orbit on a displaceable, stable hypersurface. This proof 
can also be used to derive the vanishing of Rabinowitz Floer homology for 
displaceable, weakly tame, stable hypersurfaces. 

In section 14.41 we introduce a class of perturbations of Rabinowitz action func- 
tional and show that for a generic perturbation Rabinowitz action functional 
becomes Morse. We then explain how for a flxed action window one can find 
small perturbations such that the moduli space of gradient flow lines can be 
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written as the disjoint union of two closed parts where one part (which we refer 
to as the essential part) is compact. We then explain how the essential part can 
be used to define a boundary operator. 

In section H3] we define the two Rabinowitz Floer homology groups RFH and 
RFH for weakly tame, stable hypersurfaces. We show that both homology 
groups vanish for displaceable hypersurfaces and that both homology groups 
coincide with the singular homology of the hypersurface in the case that the 
hypersurface carries no contractible Reeb orbit. 

In section 14.61 we finally establish invariance of Rabinowitz Floer homology for 
tame, stable homotopies. 

4.1 Rabinowitz action functional 

We first give the general definition of Rabinowitz action functional and its gra- 
dient flow, postponing technical details to later subsections. 

Consider a symplectically aspherical manifold and a separating closed 

hypersurface Yj dV . Choose a Hamiltonian H with H~^[Q) = S. Such Hamil- 
tonians exist since E is assumed to be separating. Denote by £ C C°"{S^,V) 
the component of contractible loops in the free loop space of V . Rabinowitz 
action functional 

yl^ : £ X R ^ M 

is defined as 

A"{v,r]):^f v*u-T] [ H{v{t))dt, {v,ri)e£xR, 
Jo Jq 

where v : is an extension of v to the disk. One may think of as the 

Lagrange multiplier functional of the unperturbed action functional of classical 
mechanics also studied in Floer theory to a mean value constraint of the loop. 
The critical points of satisfy 

dtv{t) = TjXfjivit)), t e R/Z, 
H{v{t)) = 0. 

Here we used the fact that H is invariant under its Hamiltonian flow. 

It is also useful to consider Rabinowitz action functional for "weakly" time 
dependent Hamiltonians. Here weakly means that the Hamiltonian is just the 
product of a time independent Hamiltonian with a function depending only on 
time, i.e. 

H{t,y)^x{t)H{y), y e V, t e S\ 
Normalizing, we assume in addition that 

/ X(t)dt = l. (6) 
Jo 
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We define Rabinowitz action functional as before with H replaced by H. 
The critical point equation then becomes 

H{v{t)) = 0, 

i.e. the new critical points can just be obtained by reparametrisation of the 
previous ones. Moreover, the action value remains constant. 

We next describe a class of metrics on £ x K. Pick a smooth cj-compatible 
almost complex structure J on V. For such a J we define a metric m on £ x M 
for {v,r]) e £ xR and {vi,'ni), {v2,t)2) G T(^v,ri){£ x 1^) by 

m{{vi,fii),{v2,fi2)) = / Lu{vi,J{v)v2)dt + fii-fi2. 

JQ 

The gradient of with respect to this metric is given by 

" " "I -J,'HitM;t))dt ) ■ 

Thus (positive) gradient flow lines of VA^ are solutions {v,!]) G C°° {M.x ,V x 
R) of the following problem 

dsv + J{v){dtv - tiXh{v)) =01 
a.77 + H{t,v{-,t)dt^O. J ^ ' 

The boundary operator of Rabinowitz Floer homology counts gradient flow lines 
connecting critical points of A^ . In order to prove that this is well defined one 
has to show that the moduli spaces of gradient fiow line are compact modulo 
breaking. There are three difficulties one has to solve. 

• An L°°-bound on the loop v £ C. 

• An L°°-bound on the Lagrange multiplier 77 G M. 

• An L°°-bound on the derivatives of the loop v. 

The first and the third point are standard problems in Floer theory one knows 
how to deal with: The L°°-bound for the loop follows from suitable assumptions 
on {V,uj) such as convexity at infinity or geometrical boundedness, and the 
derivatives can be controlled if V is symplectically aspherical, meaning that 
w vanishes on 7r2(V), and hence there is no bubbling of pseudo-holomorphic 
spheres. 

The new feature is the bound on the Lagrange multiplier rj, which can only 
hold under some additional hypothesis on the hypersurface E. It was derived 
in [12] for S of restricted contact type. In the next subsection we will bound 
the Lagrange multiplier provided E is stable. 
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4.2 Bound on the Lagrange multiplier 



In this section we discuss the bound on the Lagrange multiplier. In the restricted 
contact case this was carried out in |12| . There the first two authors of this paper 
used the fact that in the restricted contact case the action value of Rabinowitz 
action functional at a critical point coincides with the Lagrange multiplier. This 
is not true anymore in the stable case. Nevertheless, using stability one can 
define a modified Rabinowitz action functional whose action value at critical 
points still is given by the Lagrange multiplier. However, the modified action is 
not necessarily a Liapunov function for gradient flow lines, so that the proof in 
|12] cannot be mimicked in the stable case by just using the modified version. 
The crucial observation is that the difference of the two action functionals is 
actually a Liapunov function for gradient flow lines and this fact can be used to 
still get a bound on the Lagrange multiplier. 

In section 14.2.11 we explain how the additional Liapunov functional arises and 
why it can be used to get the bound on the Lagrange multiplier. Technical 
details of section 14.2.11 are postponed to section 14.2.21 In section 14.2.41 we also 
derive a bound on the Lagrange multiplier for gradient flow lines, when the 
Rabinowitz action functional itself is allowed to depend on time. For this we 
need a short stable homotopy. Using the notion of the stable pseudodistance, 
explained in section 14.2.31 we can make precise what "short" means. 

4.2.1 A second Liapunov function for gradient flow lines 

From now on we assume that E C y is a stable hypersurface. We first explain 
the general strategy to obtain a bound on the Lagrange multiplier. Assume that 
A G A(E,w) and let R = R\ he the Reeb vector field of the stabilizing 1-form 
A. We will use Hamiltonians H such that ^'"^(O) = E and in addition Xfj — R 
along E. To obtain the bound on the Lagrange multiplier we also have to choose 
H carefully outside the stable hypersurface. For that we have to assume that 
the stabilizing 1-form A is small enough, but we will give a detailed explanation 
of this construction later in section l4.2.2l The additional condition implies that 
the critical point equations ^ are equivalent to 



i.e. V is up to reparametrisation a periodic orbit of the Reeb vector field on E 
with period tj. H 

The bound on the Lagrange multiplier is derived by comparing the Rabinowitz 
action functional to a different action functional. This modified version of Rabi- 
nowitz action functional is obtained using an extension of the stabilizing 1-form 

^The period r) may be negative or zero. We refer in this paper to Reeb orbits moved 
backwards as Reeb orbits with negative period and to constant orbits as Reeb orbits of period 
zero. 



dMt) - vx{t)R{v{t)), t e K/Z, 
v{t) e E, te M/Z, 
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A on I] to a compactly supported 1-form fix on We also postpone the pre- 
cise construction of Px . But given Px we define the auxiliary action functional 
A": £ X M ^- M by 

A"{v,v):= [ v*dl3x-v f H{t,v{t))dt, 

JQ Jo 

We will further use the difference of the two Rabinowitz action functionals 

A:= A" - A" : CxR^R, {v,rf)^f v*{oj-d/3x). 

Jo 

Note that A{v, rj) is in fact independent of 77. We further use an w-compatible 
almost complex structure J on V which has a special form on a stable tubular 
neighbourhood of E, see section 2221 For that J we consider the following two 
bilinear forms on the tangent bundle T{C x M): 



m(^i'Vi,m)A'V2,ri2)j ■= / dl3x{vi,Jv2)dt + f}ifi2. 



Here the bilinear form m (which has already been defined in the previous sub- 
section) is positive definite. The main point in the choice of H, /3x and J is to 
make sure that the following Proposition becomes true. 

Proposition 4.1. // (u, 77) G £ x M and {v, fj) G T^^v.rj) {^^ ^) then the following 
two assertions hold 

(i) dA"{v.,r]){v,fi) = fh{VjnA"{v,ri), {v,fi)j, 

(ii) (?7l — 777.) 1^(7;, 77), (u, 77)^ > 0. 

We prove Proposition 14. II in section 11.2.21 Assertion (i) might be interpreted as 

^n7v4 — \^ niA 

However, we point out that the gradient with respect to the bilinear form fh is 
not uniquely determined since ttt, is not positive definite. We can use Proposi- 
tion 14.11 to show that the difference action functional ^ is a Liapunov function 
for the gradient flow lines of A^ . 

Corollary 4.2. The functional A is non- decreasing along gradient flow lines of 
Rabinowitz action functional. 

Proof. Let w e C°° (M, £ x M) be a gradient flow line of Rabinowitz action 
functional, i.e., a solution of 

dsw{s) = \7„^A" {w{s)) , seR. 
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We estimate using Proposition UTT] 



—A(w) = dA"(w)(dsw) ~ dA"{w)(dsw) 
as 



> 0. 



This concludes the proof of the Corohary. 



□ 



Since the restriction of /3a to E equals A we obtain using Stokes' theorem and 
^ the following period-action equality for critical points {v,ri) of A^ , 

A^{v, rj) = 7]. 

An elaboration of this observation is the second assertion of the following Lemma 
which might be thought of as a period-action inequality for almost Reeb orbits. 
For the statement of the Lemma we use the abbreviation 



\H\ 



sup \H\dt 
V 



\H\ 



Lemma 4.3. // the stabilizing 1-form A is small enough in the C'*^ -topology, 
then for every e > and for every 7 S [0, 1) we can choose the Hamiltonian H 
in such a way that for every x satisfying ^ the following two conditions hold 
for H ~ xH ■ 



(i) \\H\\oo<l + e. 

(ii) For (u, 77) G £ X M the following implication holds 

1 



\VA"{v,r^)\\<'^ 



< 



1-7 



A"{v,v) 



27 



3(1-7)' 



Here the norms and the gradient are taken with respect to m. 
Proof. The Lemma follows from Lemma 14771 below. 



□ 



Proposition 4.4. Suppose that the stabilizing 1-form A is small enough and 
H is as in Lemma \4-.3\ for e > and 76 (0, 1 — e]. Assume that w = {v,ri) S 
C°° (M, >C X M) is a gradient flow line of WA^ for which there exist a < b such 
that 

A"{w){s), A{w){s) e[a,b], VseK. (10) 



Then the L°° -norm of rj is bounded by 
9-57 



< 



47(1 - 7) 



{b-a) + 



27 



3(1-7) 



9(5- a) 
472 ' 
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Proof. For G R we set 



r(cr) =inf |r >0: \ \VA"{w{a + T))\ \ < y|. 
To obtain a bound on t{<t) we estimate using the gradient flow equation and 

m 



A"{w))ds 



b-a > A" {w{a)) - A" {w{<7 + T{a)) 
'dLs 

fCr+Tia) 

dA" {w){dsw)ds 



/ \\VA"{w)\\ds 

J a 



from wliicli we deduce 



. X 9(6 -a) 



47^ 

Furtliermore, for every s G R the modified version of Rabinowitz action func- 
tional can be estimated from above using (fTO]) again by 



\A"{w{s))\ = \A"{w{s)) - A{w{s))\ <b~a. 

The above two inequalities together with Lemma 14.31 and the equation ds'ri(s) 
— H{t,v(s,t))dt following from the gradient flow equation imply 

1^7(^)1 < \vic7 + Tia))\ + r^^"^ \dsil{s)\ds 



/ 9-57 \„ , 27 9(5 -a) 

Since cr G M was arbitrary the proposition follows. □ 

Corollary 4.5. Suppose that the stabilizing 1-form is small enough. Then for 
given a < b the Hamiltonian H — H(b — a) can be chosen in such a way that for 
every x satisfying ^ and for every gradient flow line w = (w, 77) G C°° (K, £ x R) 
o/V^^ which satisfies hi 0(1 the L°° -norm of rj is bounded by 

IH|oo< Q)'(6-a) + 2. 
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Proof. Choose 7 = | and e < 25(b-a) ^'^'^ ^ ~ H{h~a) be the corresponding 



Hamihonian. With these choices the Corollary follows from Proposition l4.4l □ 



Remark. The Corollary is somehow the optimal Corollary from Proposition |431 
since the function 

/EC-((0,1),M), 1^^^^ 
attains at the point 7 = | its unique minimum. 
4.2.2 Admissible tuples 

In this section we prove Proposition 14. II and Lemma 14.31 

For A G A(I],aj) denote by 1(1], A) the space of ws-compatible complex struc- 
tures on the bundle — ker A. Note that actually A) only depends on the 
ray of A € A(I], w) since ^ctA = £,\ for tr > 0. For / G A) we introduce the 
following quantity 

k{X,I) := sup — -— > 0. 

We define the upper semicontinuous function 

k: A(i;,w) [0,00), Ah^ inf k(A,/). 

/ex(s,A) 

Note that n has the following scaling behaviour 

k{(tX) = (tk(A), cr > 0, A e K{Y,,uj). 

Recall from section [5] the notion of a stable tubular neighbourhood. We further 
introduce the lower semicontinuous function 

q: A(S,w) -> (0,cx)) 

measuring the size of stable tubular neighbourhoods which is defined for A <E 
A(E,w) by 

e(A) =sup{p: (p,^) er(S,A)}. 
The scaling behaviour for the function g is given by 

Q{a\) = -q{X). 
a 

Definition. A stabilizing 1-form A £ A(E,w) is called small if 

We abbreviate by As(E,w) C A(I],a;) the subset of small stabilizing 1-forms. 
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Remark. It follows from the scaling behaviour of the functions k and g that for 
every A € A(S, uj) there exists r > such that tA is smaU. 

We introduce three spaces of functions. Given p > 1 the first space 

Ti{p) C C°°(M,IR) 

consists of functions ^ for which there exists po € (l,p) such that the following 
conditions are met 

^(r)=r + l, re[-po,po] 
'/>'(r) < 1, r e R } (11) 

supp(0) C 

Given 7 > and e > the second space 

J-2(7,e) C C°°(M,R) 
consists of functions h for which the following holds 



h{r) =r, re [-7,7] 

0<h'{r) <l + €, reR 
h{r) = 7 + e r>7 + e 
/i(r) = —7 — e r < —7 — e 

The third space 

consists of functions x S C"^ (5^ , M) satisfying 



(12) 



Jo 



1. 



Remark. All three spaces Ti{p), -^2(7, e) and are convex and nonempty. 

Definition. A stable tubular neighbourhood r = (p, V') € T(S, A) is called 
iar^e if p > 1. We abbreviate by 7^(S, A) C T(S, A) the subset of large stable 
tubular neighbourhoods. 

We remark that if A is a small stabilizing 1-form, then the space of large tubular 
neighbourhoods is not empty by definition of small. 

Definition. Given e > and 7 e [0, 1 — e] a (7, e)- admissible quintuple for the 
stable hypersurface S in F 

a = (A,r, (j), h,x) 

consists of A G As(S,w), r = (p, V') ^ Te{^,X), (j) G J^i{p), h G J'2(7, e), and 

Remark. We sometimes omit the reference to 7 and e and refer to a (7,e)- 
admissible quintuple as an admissible quintuple. 
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We abbreviate by 

the space of all (7, e)-admissible quintuples for E in V. We denote by 

tt: 21^'^ ^ A,(E,tj) 
the projection to the first factor. Note that for each A € As{T,,uj) the fiber 



is nonempty. As we have seen in Corollarv 14.51 and the Remark following it the 
somehow optimal choice to bound the Lagrange multiplier is 7 = |. Hence for 
e G (0, |] we set 

We further abbreviate 

21= IJ 2l^ 

For a stable tubular neighbourhood r — (p, ip) E T(S, A) we denote by 

its image in V . We introduce a compactly supported 1-form on V for an admis- 
sible quintuple which extends the 1-form A on E by 



My) 



(r)A(a;) y = tp{x,r) e Ur 

yeV\Ur. 



We will also sometimes suppress some of the dependencies of /3c and write 

= /3a = /3a. 

Using the notion of admissible quintuples we are now in position to give the 
precise definition of the Rabinowitz action functional. For a (7, e)-admissible 
quintuple a = {X,T,4>,h,x) with r = {p,ip) we define H e C'°°{V x 5'\M) for 
y € V by the condition 



H{y,t)^H^{y,t) = 
For later reference we introduce the abbreviation 



X{t)h{r) y = ^{x, r) €Ur, t € 

Hiy,t) = ±x{t)h + e) yeV\Ur,teS\ 



H{y)= f H{t,y). 
Jo 



We sometimes use the notation 

AO ^ aH A" — A — A 
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to make the dependency of the three action functionals on the parameters ex- 
plicit. 

To define the bihnear form m and m we have to pick a suitable subspace of 
cj-compatible almost complex structures on V . We first make the following 
definition. 

Definition. If A € A(I],a;) then the space of small ws-compatible almost com- 
plex structures on is defined as 

X,(S,A) = {/eZ(S,A) : < 1}. 



We note that if A is small, then by definition the space A) is nonempty. 

Recall from the introduction that a compatible almost complex structure J is 
called geometrically bounded if J-) is a complete Riemannian metric with 
bounded sectional curvature and injectivity radius bounded away from zero. 

If a is an admissible quintuple, and / G Is(S],7r(a)) we denote by J^{a,I) the 
subspace of w-compatible geometrically bounded almost complex structures J 
on V which split on the stable tubular neighbourhood Ut ~ V'([— p] x E) C F 
with respect to the decomposition 



as 

where Jq is the standard complex structure on the symplectic complement of 
spanned by the Reeb vector field R\ and d/dr. We further set 

j{^)= U ^("'^)- 

/eI,(S,7r(Q)) 

The following Lemma is the main technical point to establish Proposition 14. II 

Lemma 4.6. Assume that a — (A, r, 0, ft,, x) is cl^ admissible quintuple for the 
stable hypersurface S in V , and J G . Then for every w G TV the following 

estimate holds 

dj3a{w, Jw) < uj{w, Jw). (13) 



Proof: The inequality (|13l) is clear on the complement of the stable tubular 
neighbourhood Ut since there d/3a vanishes and J-) is positive definite. For 
T = (p, ij)) we identify via -0 the neighbourhood U-r of S in ^ symplectically 
with [— p, p] X E and u) = uiy^ + d{r\). Then the exterior derivative of j5a is given 
by the formula 

d/3a|c/. =0(r)dA + 0'(r)drAA. 
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For u = (r, x) £ Ur and w <E TuV we write w — wi + W2 with respect to 
the decomposition TV\u^ — £,x ® £.x- Note that since J e J (a) there exists 
I G A) such that 

Jw = IWi + JoW2- 

We first observe that the foUowing implications follow from PT|) 

0(r) > ^ (t){r) < r + 1, <j){r) <0 ^ (j){r) > r + 1. 

Moreover, since / G Is{^, A) it follows that 

\dX{wi,Iwi)\ < uj^{wi, Iwi). 

Using further (j)' < 1 following from (fTTj) we estimate 

dj3a{w,Jw) = (l){r)dX{wi, Iwi) + (f)' {r)dr A X{'W2, Jo'W2) 
< max{(r + l)dX{wi, /wi), O} + uj{w2, JW2) 
= v[\sx{rdX{wi, Iwi) + ujy,{wi,I'Wi),Q] + a;(z«2, JW2) 

= uj{w,Jw). 

This proves the Lemma. □ 

Proof of Proposition [471] The inequality implies that 

(m — to) ^(w, fj),{v,fi)j = (m — to) ^(u, 0), {v, 0)j > 0. 

Recall that the gradient of with respect to the metric m, defined by the 
equation 

dA"{v, 7j){v, fi) = mh„,A"{v, 7?), (w, ?))) , 



is given by 

V™^^(i;,r,) = (^-J{v){v-r]XH{v)),j («)di) . 

Here the Hamiltonian vector field Xh, defined by the equation dH — —ixH^-i 
equals zero outside the region [—p, p] x S and on this region it is given by 
Xh — x{t)h' {r)R. Hence the stability condition i^dX = together with the 
first equality in (jlip yields dH = —ixH^Pa, which in turn implies that 



dA"iv, r]){v, fi) = to(v™^^(w, rj), {v, fj) 



This proves the Proposition. □ 

We finally show Lemma 14.31 by proving the following Lemma whose proof is 
an elaboration of the proof of [T2j Proposition 3.1]. To see how this Lemma 
actually implies Lemma 14.31 it only remains to note if a is a (7, e)-admissible 
quintuple, then 

||-ffa||oo = 7 + £• 
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Lemma 4.7. Assum,e that a = {X,T,(f),h,x) is a {■j,e)- admissible quintuple 
with T = [p, tp) . Then the following implication holds 



\VA"iv,rj)\\<^ 



< 



1 



1-7 



A'^{v,rj) +\\VA'^{v,v)\\]. 



Proof: For p' < p we use the following notation for the stable tubular sub- 
neighbourhood of T 

V = (p'.V'l[-p',p']xs)- 

The Lemma is proved in two steps. 

Step 1: Assume that v{t) for every t £ is contained in the stable tubu- 
lar neighbourhood Ur^. Then the inequality for \r]\ holds. 

We first note that the Hamiltonian vector field and the one-form satisfy on 
Ur^ the following relation 

Poc{XH)\s-^xUr., =H\sixU^.^ +X- 

In the following estimate we denote by || ||i and || ||2 the respectively L^-norm 
on the circle. 



\A"iv,v)\ = 



> r] xdt 

Jo 

> \v\-il+7)\\dtv~vXHiv)\\i 

> \rj\-il+^)\\dtV-jjXH{v)\\2 

> \ri\-{l + ^)\\VA"{v,rj)\\. 

This proves Step 1. 

Step 2: Assume that ||V^"(i;,77)|| < ^. Then v{t) G Ur^ for every tG S^. 

We argue by contradiction and exclude the following two cases. 

Case 1: There exists to, ti S such that v{to) € Ut2^ and v{ti) S.V\ Ur^ . 

3 

Case 2: For all t € it holds that v{t) €V\Ur^. 

We first observe that in Case 1 there exist two disjoint intervals = [sj, sj] C 

and P = [sq, sf\ such that 

v{sl)&dUr„ v{sl)edUr,_^, v{sl)edUr,_^, v{sl) & OUr,, 



V*/3a - T] / H{t, v{t))dt 
Jo 

71 [ p^{XH{v))dt+ j P4dtV-vXH{v))dt-7] [ H{t,v{t))dt 

Jo Jo Jo 

P^{dtv-riXH{v))dt 
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and 

Identifying Ur^ with [—7, 7] x S we write for s G U P 
v{s) = {r{s),u{s)) e [-7,7] X S. 

We estimate 

||V^"(^;,r?)|| > \\dtv - rjxXH{v)\\2 
> \\dtV~rixXH{v)\\i 



> [ ' \dtr{s)\ds+ [ ' \dtr{s)\ds 



> 
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This contradiction excludes Casel. 
To exclude Case 2 we estimate 

/■I 

\VA°'\\ > ' 



H{t, v{t))dt 







This inequality contradicts the assumption. Thus Step 2 and hence the Lemma 
follow. □ 



4.2.3 The stable pseudo-distance 

We later prove invariancc of Rabinowitz Floer homology via an adiabatic ho- 
motopy argument. For that we need short homotopies of stable hypersurfaces. 
In order to say what "short" means we introduce the stable pseudo-distance. 

We define the stable pseudo-distance as the infimum of the length of paths of 
stable quadruples between two stable hypersurfaces. To begin with here is the 
definition of a stable quadruple. 

Definition. A stable quadruple in V 

6 = (S,A,T,7) 

consists of a stable hypersurface S C t^, a small stabilizing 1-form A G As(S, w), 
a large tubular neighbourhood t G 7£(S, A) and a small ws-compatiblc almost 
complex structure / G 2^s(S, A). We also refer to a stable quadruple as above as 
a stable quadruple for the stable hypersurface S. 

Let *p = {©ci ~ {(^C' '^C' '''C' -^c)} ^'^^ ^ '= I*^' -'^l '"^ smooth path of stable 
quadruples. To be precise, we require for a smooth path of large stable 
tubular neighbourhoods that for a fixed p > 1 we have a smooth family of maps 
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V-"^ : p, p] X E y where S is a fixed manifold diffeomorpliic to every C V 
such that = {p,'ip(^) & 7£(E^, Aj) for every ( e [0, 1]. We associate to such a 
path a distance in the following way. For fixed C € [0, 1] define a vector field on 
[-p,p\ X E by 



We refer to the expression 



ipC+eir, x), (r, x) G [-p, p] x E. 

61=0 



%(C) = 

p (ma,x[_ p^p^ X E J w {X^^ , i?A J I +max[_p_p] ^ e J dix^^ X( {Rx^ ) | +maxE^ | J | ) 

as the speed of the path *p at (. We define the length of the path ^ by the 
formula ^ 

A(q})= / %(C)dC- 
io 

The stable pseudo-distance between two stable hypersurfaces Eq and Ei 

A(Eo,Ei) e [0,oo] 

is defined as the infimum of the length of all paths of stable quadruples whose 
endpoints are stable quadruples for the stable hypersurfaces Eq respectively Ei. 
Here we understand that the stable pseudo-distance is infinite if there is no such 
path. 



4.2.4 The time-dependent case 

In this section wc establish a bound on the Lagrange multiplier for gradient flow 
lines, when the Rabinowitz action functional is allowed to depend itself on time. 

Given two stable hypersurfaces E^, E+ C V and a"^ e 2l(E='=, V) we denote by 

n{a-,a+) CC°^{V xR) (14) 

the space of time dependent Hamiltonians H e C°°(V x M) for which there 
exists R > with the property that the family of Hamiltonians Hg = H{-,s) 
becomes constant for \s\ > R, and 

Hs = H„± eC°°{V), ±s>R. 

Theorem 4.8. For e > there exists a constant A(e) > with the following 
property. Assume that E~,E+ c V are stable hypersurfaces such that 

A(E-,E+) < A(e). 

Then there exist admissible quintuples G 2l(E^, V), a time dependent Hamil- 
tonian H e 'K{a~ ,a^), and a time- dependent metric m = {ms}s£M on £ x M 
which is constant for \s\ large such that the following holds true. For every a <b 
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and for every flow line w — {v,ri) <E C°°(R, /! x R) of the time dependent gra- 
dient ^m^^^" which converges asymptotically \\v[\s^±oo w{s) — to critical 
points of A"' satisfying 



the following L°° -estimate holds for rj 

||?7lloo < (^^ + «) (6 -a) + 2. 

Proof. Assume that are stable hypersurfaces whose stable pseudodis- 

tance is A. Hence for every cq > there exists a path *p — = {&(^} of 
stable quadruples 6,^ = (I],^, A(J,T|^,/|j) for ( e [0, 1] such that 

A(*P) < A + eo 

and 

Let p > 1 be such that r^; — {p,iIjq). Recall from section l4.2.2l the spaces J^i{p), 
7^2(7, e) and J^3. Choose 

Moreover, assume that to < § and pick 
Then the family 

ac = {\,n^(t>^f^'X), C e [0,1] 

is a smooth family of (|, eo) -admissible quintuples for Choose further a 
smooth function 

CieC°°(R, [0,1]) 

such that 

0<Ci(s)<l, seR 

and 

For i? > define (r G C°°(R, [0, 1]) by 
Note that 

iic;^j|<^. 
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Set 

a" — ao, — ai 

and define 

e nia-,a+) 

by 

To define tlie time-dependent metric m — {ms}seM. clioose a smooth family 
If (-y,?7) e £ X M and (wi, 771), ("02, ?}2) S T(^^^)(£ x K) we set 



r 



Now assume tliat w = {v,ri) £ C°° (R, £ x R) is a gradient flow line of V ^1^^^^ ■ 
We show in four steps that for R large enough and A small enough the required 
L°°-bound on ry holds. 

Step 1: For every cr G R the following inequalities hold 

a - 2(A + eo)||?7lloo < A"^ {w(a)) < 6 + 2(A + eo)||7;||oo. (15) 

We first claim that for any y £ V the estimate 

\dsH^{y)\ < 2a,Ci^(.s)%(Ci^,(s)) (16) 



holds. This is clear if y does not lie in the stable tubular neighbourhood Ur^^^ 
since there dgH^ vanishes. On the other hand, ii y = '0Ch(s) (2;, »") G Ut^^^^ 
then 



\dsH^{y)\ = |/i'(r)a,Ci?(s)c.(X^^^,^,,i?A,^,^,)| < (1 + eo)5.Cfl(s)9Jq3(Ci?(s)) 
which implies (ITCl) since eo is already chosen to be less than or equal |. We 
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estimate using 

A"'{w{a))-A'''{w-) = I" l-i^A''^ {w{s))ys (17) 

CT 

+ / dA"^ {w{s))dsw{s)ds 



OO 

1 



OO JO 



OO 



77(s)(9,i/f)(t)(s,t))dtds 
mf (V,„Ryl^" (w(s), asw(s))ds 
> -2||ry|U / a,Cfl,(s)%(Cfl(s))rf5 

J —OO 

m^[dsw{s),dsw{s))ds 

) 

/OO 
5sCfl(s)23<p(Ci?(s))rfs 
-OO 

Jo 

= -2||ry|UA(<p) 
= -2||ry||oo(A + eo) 

Now using the fact that A"" {w^) > a shows the estimate from below in ([TSj) . 
The estimate from above is derived in a similar manner. This finishes the proof 
of Step 1. 

To formulate Step 2 we recall that the energy of w with respect to the met- 
ric is defined as 

POO 

E{w) — I mf(^dsw{s),dsw{s))ds. 



Step 2: There exists a constant ctp such that for every tr G K the following 
inequalities 

a - 4(A + 6o) I hi loo - + < A^^^,^^ {w{a)) 

< 6 + 4(A + .o)IHU + ^^l^i^ 
are satisfied. 
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For the extension of the stabilizing l-form A^r(s) we use the abbreviation 

We claim that for any y ^ V the following estimate holds 

\d,/3^{XHn{y))\ < AdsC%)'^viC'' (18) 
If y ^ Ut^hi^ j , then fSf- vanishes and the estimate obviously holds. We abbreviate 

Denoting by L the Lie derivative we compute for y = ■01^^ (g-) (a;, r) G Ur^^f^,^ 
+/i'(r)0(r)A^H(,) (i?A^H,^,) 

+h'{r)Lx^^^^^^ [(j)'{r)dr A A^«(^) + (?!)(r)dA(;n(,)] (^a^«(^,) 
+/i'(r)0(r)A^H(,) (i?A^.«(^,) 
= /i'(r)0(r)d[tx^^^^^^ A(;«(,)] (i?A,H(,,) 
+h'ir)(j)'{r)Lx^^^^^^\c^(^s)dr{Rx^^^J 

+h'ir)tx^^^^^^ [cjE + (/)'(r)dr A A^h(,) + 0(r)dA<;H(^)] (i?A^H(,)) 
+h'{r)(j){r)\R(^^) (i?A^„,^)) 

+/i'(r)0(r)A^H(,) (i?A^«(^,). 

In the fifth equality we have used that the Reeb vector field lies in the kernel of 
LUs- Using 

maxcj) < p + I < 2p, max/i' < 1 + eg < 2 
we obtain from that the estimate 

implying (IT5|) . 
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As in the time-independent case we consider the fohowing time-dependent bi- 
Hnear form on T{C x R) 

fhf(^ivi,m)Av2,m)) ■= J dpf{vi,jQ^(s)V2)dt + fiif]2- 
By Proposition 14. II we have for any s e K 

Hence the computation in Corollary 14. 21 shows that 
^Kh(=,(-(^))) = (5s-4.,^, J (19) 

> {dsA^^^,^;){w{s)). 
For ( e [0,1] let 7^ be the compactly supported 1-form 

and define the constant cqj as 

c<p = maX(^g[o,i]ll7c(y)ll 

where the norm is taken with respect to the metric uj{-,J(^-). Again we only 
show the estimate from below. This is derived similarly as the estimate pT]) in 
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Stepl. Using (JH]) and (HH) we obtain 



»i 

9,Ck(s)( / v*P^dt\ds 







ds 



> -4||??||oo / dsQB{s)m^{CR{s))ds 



-c<p / / dsC,R{s)\\dsv{s,t)\\dtds 

J-oo JQ 

/oo 
dsCB.{s)^v{CRis))ds 
-OO 

pi poo 



oo 



/OO 

Cq3(S(w) +1) 



> -4||r;|U(A + eo)- 
This finishes the proof of Step 2. 
Step 3: The energy can be estimated by 
Eiw) < A"^{w+) - A"' {w-) + 2||ry|U(A + cq) < b - a + 2||77|U(A + eo)- 



A careful look at ([T71) reveals Step 3. 

Step 4: We prove the theorem. 

As in the proof of Proposition I4.4[ we set for cr S R 

r((T) = inf |r > ; \ \VA"^ {w{a + T))\ \ < -|. 
In the time dependent case we still can estimate 

r{a) < — ^. (20) 
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Since a^; is (|, eo) -admissible for every ( € [0, 1] we conclude from Lemma HTfl 

3 
5 



applied to 7 = I together with the fact that ||i?i^||oo < I + eo for every s G 



and (pOI the following estimate 

fCr+T{<7) 



\v{<y)\ < \v{<T + T{a))\+ r \dMs)\ds (21) 

J a 



< ^Sup|^^''ou;| + l + r((T)||i/^| 



5 .^frR I 25E(w) /3 



5 I '>crR I 

< -sup|^^ ow| + l , ^ 
From Step 1 and Step 2 we obtain the estimate 

I I I A A \ 

sup 1^ o w\ — sup 1^ O W — Aa^ o (22) 
< 6-a + 6(A + .o)IHU + ^3iM^. 
Combining (PT|) and (|22p with Step 3 we obtain 

, ,,if|,(-,a|=,i^).H (.3, 

+15(A + eo)lhlloo 

/ 25(1 + Co) cqj \ ^ , 1 , 5c«p 



V 4 /R/ 2v^ 

45 25eo 5cm\ , , , ,, ,, 
y + — + ^j(A + .o)IHU. 

We now choose A = A(e) in such a way that 

f 2e 1 

< A < mm-^ , — 

\l25 + 100e' 60. 

The positive number eo which already had to be chosen in such a way that 
Co ^ f is now supposed to satisfy 

f 1 2e 

< en < min<^ A, A 

" - 1 60 ' 125 + lOOe 



Moreover, we choose R such that 
R > max 



\ 2 / \ 2 



2(l-60(A + eo)); ' 
With these choices we get from (|23|) 



hiloo < + 2ej (6 - a) + 2(l - 30(A + eo)) + 30(A + eo)H 
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Using A + eo < i254.ioo£ obtain 



1 .(^ + 2e]{b-a) + 2 



1 -30(A + eo) V 4 
5 



This finishes the proof of the theorem. □ 



4.3 An existence result for a periodic Reeb orbit 

In this subsection we show how compactness for gradient flow lines of Rabi- 
nowitz action functional leads to existence of a periodic Reeb orbit on stable 
displaceable hypersurfaces. This result is not new. Indeed, F. Schlenk proved 
it before in |65| using quite different methods. Before stating the theorem we 
recall some well-known notions. 

A hypersurface S in a symplectic manifold (V, w) is called displaceable, if there 
exists a compactly supported Hamiltonian F S C°°{V x S^) such that the 
time-one flow (jjp of the time dependent Hamiltonian vector field Xp^ with 
Ft = Fi-,t) e C°°{V) satisfies 

ns = 0. 

The positive and the negative part of the Hofer norm for the compactly sup- 
ported Hamiltonian F are given by 

||i^||+= / m&xvFtdt, IIFII =- / minvFtdt 



Jo Jo 
and the Hofer norm itself by 

If E C y is a displaceable hypersurface its displacement energy is given by 

e(I]) = inf{||F|| : (/-^(S) n S = 0}. 
Recall from ^ the cj-energy for closed characteristics. 

Theorem 4.9 (Schlenk). Assume that T, is a stable, displaceable hypersurface in 
a symplectically aspherical, geometrically bounded, symplectic manifold {y,uj). 
Then S has a closed characteristic v which is contractible in V and satisfies 

n{v) < e(S). 
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Our proof of Theoreni l4.9l is based on a homotopy stretching argument for a time 
dependent perturbation of Rabinowitz action functional where the perturbation 
is given by the displacing Hamiltonian. 

The crucial point is that the perturbed Rabinowitz action functional has no crit- 
ical points anymore. This is actually true for any separating closed hypersurface 
E in a symplectically aspherical, symplectic manifold {V,uj). If E = H~^{0) for 
a Hamiltonian H £ C°°{V) we choose X G C°°(S'\]R) of integral one which in 
addition meets the condition 

suppx C (0, 1/2) 

and set as usual 

H{t,y)^xit)H{y), yeV,teS\ 

Without changing the Hofer norm we furthermore can reparametrize the flow 
of the displacing Hamiltonian Ft such that we can assume that 

Ft = 0, te [0,1/2]. 

The perturbation of Rabinowitz action functional we consider is the functional 
ylf : £ X M M defined by 

Af{v,f])^A"{v,r])- [ Ft{v{t))dt, {v,r])e£xR. 
Jo 

We further denote by 

&{XH)^c\{yeV ■.XH{y)^0} 

the support of the Hamiltonian vector field of H. The following Lemma is 
proved in jl2j where it appears as Lemma 3.10. It immediately implies that a 
suitable perturbed Rabinowitz action functional has no critical points anymore. 

Lemma 4.10. Assume that &{Xjj) is compact and 0i?((5(X;j)) r\&{Xjf) — 0. 
Then for every uj- compatible almost complex structure J on V there exists a 
constant fj, = fJ-{ J) > such that if V is the gradient and \\ ■ \\ is the norm of 
the metric on C xR. induced from J, then for every {v,r]) £ C xW it holds that 

With the help of this Lemma we are now armed for the proof of Schlenk's The- 
orem. 

Proof of Theorem 14. 9t Given eg > we choose a time dependent Hamil- 
tonian Ft satisfying the following conditions 

i^t =0, <e [0,1/2], 0F(E)nS = 0, ||F|| < e(E) + eo. 
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We further choose a (7, e)-admissible quintuple a — (A, r, /i, x) which satisfies 

suppxc (0,1/2), 4>p{U^)^Ur = %. 

The first condition can obviously be achieved. To see that one can also assume 
without loss of generality the second condition we note that since E is compact 
there exists an open neighboorhood Uy. of E in y which is also displaced by 0f- 
Now by choosing A arbitrarily small we can arrange that even a large tubular 
neighbourhood \Jr is contained in V^.- 

We further choose a smooth family of cutoff functions e C°°(M, [0,1]) for 
r S [0, 00) with the following properties 

/3r(s)=0 |s|>r ] 

/3r(s)-l |s|<r-l \ (24) 
s/3;(s)<G Vr,Vs. J 

We now consider the r-parametrised family of time dependent perturbed Rabi- 
nowitz action functionals defined by 

^^(w,77,s) = yl"(w,ry)-/3^(s) l Ft{v{t))dt, v e C, r] e R, s G M, re[0,oo). 

Jo 

We note that 

is independent of the s-variable. We further choose an w-compatible almost 
complex structure J £ J{a) and denote by V the gradient with respect to the 
metric m on £ x R induced from J. We fix a point a; € S and think of it as a 
loop in C We are studying solutions (w,r) = {v,ri,r) € C°°(M,£ x R) x [0,00) 
of the following problem 

dsw{s) =\/Ar{s,w{s)), s £R, lim w(s) = (x,0), lim w(s) G E x {0}. 

S— > — 00 S— fCJO 

(25) 

We use the following abbreviation for its moduli space 

M = {{w,r) : {w,r) solution of (f25|) }. 
To prove the Theorem we argue by contradiction and assume 

n{v)>\\F\l VweX(E). (26) 
To see how this leads to a contradiction, we first show the following claim. 

Claim: // 1126]) holds, then A4 is compact. 

We prove the Claim in four steps. For the first step recall that the energy 
of w is defined by 

/>oo 

E{w) = / WdswW'ds 
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where the norm is taken with respect to the metric m induced from the uj- 
compatible almost complex structure J. 

Step 1: If {w, r) eM then E{w)<\\F\\. 

We estimate using (^5]) 



E{w) = I dA'^{w){d,w)ds 
d 



, A'^{w)ds- / (dsA^){w)ds 
f3l{s)( f Ft{v)dt)ds 



OO 

■0 



< \\F\\+ / (3l{s)ds ~ \\F\\^ / (3l{s)ds 

J ~oo Jo 

< ||i^||+ + 11^^11- 
= ll^ll- 

This finishes the proof of Step 1. 

Step 2: There exists tq G K such that if (w, r) E Ai then r < tq. 
Combining Lemma 14.101 with Step 1 we obtain the estimate 

lli^ll > r \\S/AUwWds 

J —r 

implying that 

^ ll^^ll 

This finishes the proof of Step 2. 

Step 3: There exists a constant c > such that for all (w, r) — (w, ry, r) E A4 
the Lagrange multiplier rj is uniformly bounded by \\ri\\ < c. 

To prove Step 3 we estimate the functional A = A"" —A" along w. Note that we 
do not perturb A with the displacing Hamiltonian F. It is useful to introduce 
further the functional 

J":/:xM^M, {v,r])^ [ Ft{v(t))dt 

Jo 

which actually only depends on the first variable. By Proposition 14. II we have 

V- — V A" 
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Hence using we estimate similarly as in Corollary 

-^A(w) = dA'^(w)dsW-dA°'(w)dsW 

as 

= {m — m)(^dsW,dsw) + — m) (V„iJ^(w), SjUi) 

Since F has compact support there exists a constant cq such that for all w € 
£ X M 

||(m-m)(V„J"(u;),-)||^^ < Cq. 
Hence we obtain for cr € M using Step 1 and Step 2 



A{w{a)) 



= / ■^A{w)ds 

J-oc ds 

> / I3r{m ~ m)(VmJ^{w),dsw)ds 

> -Co / ||9sw|Uds 



> -co / {\\dM\l + '^)ds 

J —r 

> -co{2r + E{w)) 

> -co(2ro + ||F||). 



Similarly, one gets 



f°° d 

-A{w{a))= J — ^Hds<co(2ro + ||F||). 
Defining the constant 

ci =co(2ro + ||F||) 
we obtain from the previous two estimates the uniform L°°-bound 

ll^o w|| < Ci. 

Moreover, a closer look at the estimate in Step 1 reveals that 

\\A-ow\\<\\F\\. 

Noting that for s ^ (— r, r) we have A"{-, s) — A°^ we obtain from the previous 
two inequalities 

<ci + ||F||, se]R\(-r,r). (27) 
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The proof for the bound of the Lagrange multipUer now proceeds similarly as 
in Proposition 14.41 For cr € R we set 



T{a) = mi I^T : a + T <^ (-r,r), \\S/A"{w{a + t)\\ < ^ 

Again t(ct) can be estimated in terms of the energy by 

/ N ^E(w) ^ 9\\F\\ „ 
r{^)<^ + 2r<^ + 2ro. (28) 

Combining Lemma 14.31 with ((27)) and ((28)) and using dsT] = — H{v)dt we 
estimate 

\r^{a)\ < \r^{a + r{a))\ + f ^ ^ \dsv\ds 



^ 3ci+3 F +27 , , , , 

3(1-7) 

3ci+3||f|| + 27 , 9||F||(7 + e) , ^ 
^ ^(T^) + ^2 +2ro(7 + ^). 



Since a was arbitrary we are done with Step 3. 



Step 4: We prove the claim. 



For € N let {w^,r^) — {vi,,r/^,r^) be a sequence in A4. Since the homo- 
topy parameter is uniformly bounded by Step 2 and the Lagrange multiplier 
rji, is uniformly bounded by Step 3 standard arguments in Floer theory imply 
that {w„,r„) has a Cf^^-convergent subsequence. Indeed, Vi, satisfies a uni- 
form C°-bound by the assumption that (V, w) is geometrically bounded and the 
derivatives of Vi, can be controlled because there is no bubbling since {V,uj) is 
symplectically aspherical. Let (w,r) be the limit of the subsequence. (w,r) 
obviously satisfies the first equation in ((25)) . It remains to check that w satisfies 
the asymptotic conditions. Again by compactness it follows that w{s) converges 
to critical points — {v^,ri^) of A" as s goes to ±00. On the other hand it 
follows from Step 1 that 

A:{w{s))e[-\\F\\,\\F\\], VseR 

and hence 

niv^)=A'^iw^)e[-\\F\\,\\F\\]. 
Therefore ((26)) implies that has to be constant and hence 

w" = (x,0), w+ G S X {0}. 

This finishes the prove of the claim. 
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Given the claim we are now in position to prove the theorem in a last step. 
Step 5: We prove the theorem. 

Given the claim it remains to argue that the compactness of the moduli space 
Ai is absurd in order to show that (pS)) cannot be true. For r = there is pre- 
cisely one point {w,0) G Ai namely the constant gradient flow line w = {x,0). 
The constant gradient flow line is regular in the sense that the linearization of 
the gradient flow equation at it is surjective. Thinking of the moduli space Ai 
as the zero set of a Fredholm section from a Banach space into a Banach bundle 
and using that it is compact we can perturb this section slightly to make it 
transverse. The zero set of the perturbed section is now a compact manifold 
with one single boundary point (x, 0, 0). However, such manifolds do not exist. 
Therefore (|26p had to be wrong and we conclude that there exists v G X(T,) 
such that 



4.4 Approvable perturbations 

Except in the case where V is zero dimensional, the Rabinowitz action functional 
is never Morse, since its critical set contains the constant solutions and each 
nontrivial Reeb orbit comes in an S'^-family coming from time-shift. The best 
situation we can hope for, is that Rabinowitz action functional is Morse-Bott. 
However, since the stability condition is not an open condition |15j . a slight 
perturbation of a stable hypersurface might not be stable anymore. 

In this subsection we study a class of perturbations of Rabinowitz action func- 
tional. We first show that for a generic perturbation the perturbed Rabinowitz 
action functional is Morse. We then explain how in the weakly tame case for 
small perturbations the moduli space of gradient flow lines in a fixed action 
interval can be written as the disjoint union of two closed subspaces where one 
of them is compact. We refer to the compact part as the essential part of the 
moduli space of gradient flow lines. We finally explain how the essential part 
of the moduli space of gradient flow lines can be used to define a boundary 
operator for a fixed action interval. 

The perturbations of Rabinowitz action functional we consider are reminiscent 
of the ones we considered in the previous subsection, however they are more 
general, since we do not require that the time support of the additional per- 
turbation Hamiltonian is disjoint from the time support of the Hamiltonian 
Ha- Namely we choose a compactly supported time-dependent Hamiltonian 
F e C^{V X S^) and define Ap : £ x M — )• R as in the previous subsection by 



^{v) < \\F\\ < e(I])-f-eo. 
Since eo > was arbitrary the theorem follows. 



□ 
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Critical points of the action functional Ap are solutions of the problem 

We first show that for generic perturbations the perturbed action functional is 
Morse. 

Proposition 4.11. Given an admissible quadruple a, there exists a subset 
U{a) e C^(V X S^) of the second category such that Ap is Morse for every 
FeU{a). 

Proof. Consider the Hilbert manifold 

where we define W^''^{S^, V) by embedding V into for N large enough. Over 
the Hilbert manifold H we introduce the Hilbert bundle 

whose fibre over (u, r/) £ H is given by 

£{v,ri) =L^{S\v*TV) X R. 

Choose an w-compatible almost complex structure J and denote by V the gra- 
dient with respect to the metric J-). For F E C^{V x S^) we define a 
section 

sp-.n^S 

by 

. , / JdtV-7jWH{v)-VFt{v) 
\ Jo H{v{t))dt 

Note that the zero set s^^(O) coincides with the solutions of (1^^ . li w (^H C £ 
then there is a canonical splitting 

— £w ^ Tw"^- 

We denote by 

H ■ T F ^ F 

the projection along TmH. If (w, rj) £ s^^(O) we introduce the vertical differential 
Dsp{v, T]) : T(^,^)-H = W^'^{S\v*TV) x K 

by 

Dsf{v, 77) = H(„_^) o dsp{v, T]). 
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The action functional Ap is Morse iff the vertical differential Dsf{w) is surjec- 
tive for every w € Sp^{0) meaning that sf is transverse to the zero section 

SF ftlO. (30) 

We prove in two steps that ([50]) holds for generic F S C^{V x S^). In the 
first step we prove transversality for weaker differentiability assumptions. The 
smooth case follows then by an argument due to Taubes. 

Stepl: Assume that 2 < fc < oo. Then there exists U^(a) C C^{V x S^) 
of the second category, such that li3U\) holds for any F G U''{a). 

Consider the section 

which is defined by 

S{F,w) = sf{w), F e C^iV X S^), wen. 
If {F,w) G 5~^(0) with w — {v,ri), then the vertical differential 

DSiF,w): T^p^^^{C^{V x S^) x n) ^ C^iV x S^) x T,M 

is given for F e C^^(y x S^) and w G T,„H by 

DS{F, w)iF, w) = Dsf{w)w + "^^*(^) ^ . (31) 
We first show the following claim. 

Claim: For every {F,w) G 5*^^(0) the operator DS{F,w) is surjective. 

Pick {F,w) G ^"^(O). Since Dspiw) is Fredholm, the image of DS{F,w) is 
closed. Hence to show surjectivity, it suffices to prove that the orthogonal com- 
plement of the image of DS{F, w) vanishes. To see that pick 

X = (y,C) G imDS{F,w)-^. 

It follows from ([5T|) that 

{DsFiw)'w,x) — 0, y li G T^H 
{VF{v),y)=0, \f F GC^iV X S^). 

The first equation in ([5^ implies that 

X G keriDsFiw))* 

which forces y to be of class C''^^. Now we assume by contradiction that there 
exists to G such that 

y(io) ^ 0. 
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Choose Fto £ C^iV) such that 

(VFt„(z;(io)),y(io)) >0. 

Since we have seen that y is continuous, there exists e > such that 

(VFt„ > 0, t£ {to-e,to + e). 

Now choose a smooth cutoff function (3 g C°°{S^, [0, 1]) such that /3(to) ~ 1 
and P{t) = for f ^ {to - e, + e) and set = • It fohows that 

(VF, y) = /3W(VFt„ {v{t)), y{t))dt > 



contradicting the second equation in ([32)) . This proves that ?/ has to vanish 
identicahy. 

It remains to show that C vanishes. To see this we write 

Since y vanishes identically the first equation in p2p becomes 

C / dH{v{t))v{t)dt = 0, Vie W^''^{S^,v*TV). 
Jo 

Note that {v,i]) is a solution of (P^l - Hence, since is a regular value of H, it 
follows from the second equation in (|29l) that dH(v) does not vanish identically 
along V. Therefore, there exists v e W^''^{S^ ,v*TV) such that 

1 

dH{v{t))v{t)dt ^ 0. 



Consequently, 

This finishes the proof of the claim. 

Since F g C^(F x 5*^) it follows that the section S is C'''^^. Hence by the claim 
the implicit function theorem shows that 5*^^(0) is a C'''~"'^-manifold. Consider 
the C''"^-map 

p: S-^{Q)^C^, {V X S^), {F,w)^F. 

It follows from the Sard-Smale theorem that the set of regular values of the 
map p is of the second category in Cj:{V x S^). But F is a regular value of p, 
precisely if s^? iti 0. This finishes the proof of Step 1. 

Step 2: We prove the proposition. 

We explain the argument by Taubes in our set-up (cf. p.52]). 
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Since Xh and Xpt have compact support and is a regular value of H it follows 
that there exists a compact subset Vq dV such that for every (w,?]) G a:it{A%) 

v{t)eVo, teS\ (33) 

Choose T > and abbreviate 

critT(^^) = {{v,r,) € crit(^^) : < T}. 

It follows from ([55]) , the first equation in ([2^ and the Theorem of Arzela-Ascoli 
that critT(.4^) is compact. For 2 < fc < oo we abbreviate 

Uil,{a) = {F e C^{V X S^) : Dsf{w) surjective, V u; € critT(-4^)}. 

Since critT(^p') is compact it follows that Li^{a) is open in C^{V x 5^). More- 
over, it follows from Step 1 that if fc < oo it is also dense in C^(V^ x 5*^). Since 
C°° is dense in C*^ for every k, a diagonal argument shows that U^{a) is also 
dense in C^{V x S^). It follows that 

U{a) = fl U^{a) 

is of the second category in C'^{V x 5^). This finishes the proof of the propo- 
sition. □ 



If J € J{(y.) is an w-compatible almost complex structure and m = mj is the 
metric induced from J we denote by M{Ap, J) the moduh space of all finite 
energy gradient flow lines of VmAp. For a, e M we abbreviate 

Ml{A'^,J) - {we M{A'^,J) : A'^{w{s)) e [a,b], V s e k}. 

We cannot expect that gradient flow lines of the perturbed action functional 
are still compact up to breaking. However, we show that in the case of weakly 
tame stable hypersurfaces for small perturbations there is a decomposition of 
Ai^{Ap, J) into a disjoint union of closed subsets 

MiiA'^p, J) = MiiA'^F, J) u MliA^F, J) 

where M^{Ap,J) is compact up to breaking of gradient flow lines. We refer 
to M''JAp, J) as the essential part of the moduli space M'^{Ap,J) and to 

A^(j(.4f., J; a, 6) as the unessential part. The boundary operator then takes 
only account of the essential part of the moduli space of gradient flow lines. 

If S is weakly tame then by deflnition for a < b the set 

crit;;(yl") ^{we CTit{A°') : a < A^iw) < b} 
is compact. Hence we can define 

H(a, b; a) — mini a, mm{A{w) : w € crit|^(^")} [ 
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and 

2{a,b;a) = max|fe, max{y4,"(w) : w G critj^(y4,")} |. 

Note that ^{a,b) and ^{a,b) actually only depend on 77(0) = A e As(I],w) so 
that we can set 

H(o, 6; A) = H(a, b; a), ^(a, 6; A) = ^(a, 6; a). 

We next introduce a subspace of perturbations F which have the property that 
the Lagrange multiplier along gradient flow lines either becomes large or remains 
small. We first introduce the number 

J(a,6;A)= (^0 (^(a, 6; A) - H(a, 6; A)) 

and define the interval 

/(a, b; A) = p(a, b; A) + 3, 2{a, b; A) + 4]. 

We set 

Li',{a,J) = {FeC^iVxS') : ||r?||oo ^ /(a, 6; A), V w = {v,rj) G M^iA'^p, J)}. 

Lemma 4.12. Assume that T, is a weakly tame stable hypersurface in a sym- 

plectically aspherical, geometrically bounded, symplectic manifold {V, w) and 
ot € 2l(S, 1^) is a (^^,e) -admissible quintuple with e < 2{a\-X) ' 

J e J{a) and 

a < b. Then Ua{a, J) is open and nonempty. 

Proof. We first show that U^{a, J) is open. This is actually true for any admis- 
sible quintuple a. For openness we prove that the complement is closed. Hence 
let 

be a sequence of perturbations in the complement of ti^ict, J) such that 

lim F^ = FgC°°{VxS^). 

It remains to show that F ^U^(a,J). By definition of U^ict, J) there exists for 
each 1/ e N a gradient flow line 

such that 

||r/.||oo e/(a,&;A). (34) 

Since the Lagrange multiplier is uniformly bounded the usual compactness ar- 
guments in Floer homology (boundedness at inflnity and no bubbling because 
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of symplectic asphericity) imply that w,^ has a convergent subsequence Wi,- such 
that 

lim = w ^ {v,f]) e M''^{Ap,J). 
Since I{a, 6; A) is closed it follows from (p4)) that 

||?y||oo G Iia,b; A). 
Consequently ^ 

This finishes the proof of openness. 

To see finally that U^{a, J) is nonempty we observe that by our assumptions on 
the admissible quintuple a it follows from Corollarv 14.51 that 

Hence we are done with the proof of the Lemma. □ 

Definition. For a fixed pair (a, J) consisting of an admissible quintuple a and 
an w-compatible almost complex structure J € J^{ct) and a < b we say that a 
perturbation F £ C^{V x S^) is (a, b)-approvable if Ap is Morse and contained 
mU^{a,J). We set 

Ul(a, J) = {F e U^ia, J) : Ap Morse} 
for the set of (a, 6)-approvable perturbations. 

Combining Proposition l4. Ill with Lcmma l4.12l we obtain the following Corollary. 

Corollary 4.13. Under the assumptions of Lemma \4-12\ the setU^{a,J) is 
nonempty. 

We finally explain how to associate to an (a, 6)-approvable perturbation F a 
homology group HFj^{Ap, J). We first define the set 

CtiA'^) = {w = {v, Tj) e crit^(^^) : \rj\ < 2{a, b; A) + 3}. (35) 

Because crit^(y^^) C M^iAp, J) and F is (a, 6)-approvable we infer 

CtiA"p) ^{w^ {v, rj) e crit^(^^) : < J(a, b; A) + 3}. 

Applying the Theorem of Arzela-Ascoli to the critical point equation ([^^ of 
Ap we see that C^{Ap) is compact. Since Ap is Morse the set C^{Ap) is also 
discrete and hence finite. Thus 

CF'Mf)=CI{A-p)®Z2 
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is a finite dimensional Z2-vector space. We further define the essential part of 
the moduh space M^iAp, J) to be 

MtiA'^, J) = [w = {v, ry) e MliA'^p, J) : < b; A) + s}. 

Since F is (a, 6)-approvable it follows that (Ap, J) is a closed subset of 
A4'^{Ap, J). Moreover, since the Lagrange multiplier is by definition uniformly 
bounded in M^iAp, J) standard arguments in Floer theory using that {V,uj) is 
geometrically bounded and symplectically aspherical imply that A^ ^ {Ap , J) is 
Cj^^-compact. Hence we can use MaiAp, J) to define a linear map 

dl.CF'AA'^p)^CF',iA"p) 

by counting gradient flow lines. Since the metric m induced from J does not 
necessarily fulfill the Morse-Smale condition one may need to perturb the gra- 
dient flow equation to show that o = 0. It is quite likely that this can 
actually be achieved by taking a generic family of w-compatible almost complex 
structures Jt- However, we have not checked the details since this is nowadays 
not needed anymore in view of the progress of abstract perturbation theory. 
For example, if one compactifies the moduli space of unparametrised trajecto- 
ries Ai''JAp. J)/R by adding broken gradient flow lines, this conipactified space 
can be interpreted as the zero-set of a Fredholm-section 

where V is an Af-polyfold and £ is an M-polyfold bundle over V, see [38]. If one 
perturbs this section to make it transverse, see ^39' , one can define a boundary 
operator by counting the perturbed broken gradient trajectories between two 
critical points. Indeed, if p is a generic abstract perturbation and 

is the perturbed section, then its zero-set 

A^(P) = S'(0) 

is a compact manifold with corners. We denote by Afo{p) its zero-dimensional 
part. For a generic perturbation the section is also transverse with respect 
to the boundary of the polyfold V and hence elements in Afo{p) consist still 
of unparametrised trajectories [w] e C°°(R,£ x M)/R which are unbroken and 
converge asymptotically to critical points in C^(^^). Hence for w'^ G C^{Ap) 
we abbreviate 

Afo{p;w^ = \[w] e Mo{p) : lim w(s) = I 

and introduce the Z2-number 

n{w' , w+) = #2AAo(p; w~ , w+) 
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where #2 denotes the count in Z2. We define a linear map 



which is defined on generators by 

a^(^^,J;p)K]= ^ n{w-,w+)w-. 

Standard arguments show that d^{Ap, J; p) is actually a boundary operator, 
i.e. its square is zero. The boundary operator might depend indeed on the 
abstract perturbation but the homology 

Hpb(j,c. . _ kerd^{A'^,J;p) 

^^»(^-^)-ima^(^«,J;p) (3^) 
is independent of the abstract perturbation by standard homotopy arguments. 



4.5 Definition of Rabinowitz Floer homology 

In this subsection we assume that S is a weakly tame stable hypersurfacc in 
a symplectically aspherical, geometrically bounded, symplectic manifold {V,ijj). 
In this situation we define Rabinowitz Floer homology. We further compute 
it for two relevant cases. One case is when there are no closed orbits in S 
contractiblc in V, and the other is when E is displaceable. 

We define the fJ-spectrum of S to be 

15(E) = {±n{v) : V e X(E)} U {0} 

where we recall that X(E) denotes the set of closed characteristics in E which arc 
contractiblc in V. Since each Q{v) corresponds to a critical value of Rabinowitz 
action functional A" for an admissible quintuple a € 2l(E, V) the set U(E) is a 
meager subset of M by Sard's theorem. 

Our first aim is to define Rabinowitz Floer homology groups RFH^^ for a, b ^ 
13(E). These groups basically depend only on E and V. However, there is a 
little subtlety to note. We do not know if the space of all w-compatible geo- 
metrically bounded almost complex structures J on is connected. Therefore 
Rabinowitz Floer homology actually could depend on the choice of the geomet- 
rically bounded compatible almost complex structure. We therefore fix one such 
complex structure Jq. For an admissible quintuple a we abbreviate by 

J{a, Jo) C J{a) 

the set of all J e J{ce) which outside of a compact set coincide with Jq. We ob- 
serve that the space ^'(q, Jo) is connected. It is possible that Rabinowitz Floer 
homology depends on the choice of Jo, although this seems unlikely. We refer 
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in the following to the triple {V,lu, Jq) as the geometrically bounded symplectic 
manifold. We often skip the reference to w and Jq and just mention V. 

If a, 6 ^ ^J(S), a G 2t(S, meets the assumptions of Lemma [4.12[ and J S 
i7(a, Jo) we introduce the subset of perturbations 

V^(a, J) = {f e U'.ia, J) : A'^pH i {a, &}, V ^i; G CS(^^, J)} 

where we refer to (|55|) for the definition of , J) . By the Theorem of Arzela- 

Ascoh V\{(x,J^ is an open subset oiU\{a,J). Moreover, since a, & ^ y(E) the 
zero perturbation is contained in 'V\{pL., J). Hence we abbreviate by 

K^(a,J)cK^a,J) 

the connected component of V(a, J) containing 0. We set 

V^(a, J) = {Fe V^(a, J) : A% Morse}. 

By Proposition 14. 1 II and Lemma [4.121 the set V^{a, J) is non-empty. Hence we 
pick F € V^{a, J) and define 

rfh',{j:,v) = hf^{A''p,j) 

where the right-hand side was defined in (pB)) . It is straightforward to check 
that this definition is independent of the choices of F, J and a. For this we 
actually use that the space Jia, Jo) is connected. 

There are canonical homomorphisms between Rabinowitz Floer homology groups 



and 



,b2,bi 



rfh: 



RFHl\ a<bi<b2. 



These maps satisfy 



TT** O Tt'' 

"a3,a2 "a2,ai 



TT, 



03,01 I 
o I 



"-02 " "02,01 



"02,01 " '■oi I 



ai < a2 < as < 
a < 61 < 62 < &3, 
ai < 02 < fci < ^2. 



(37) 



In particular, the Rabinowitz Floer homology groups together with these maps 
have the structure of a bidirect system of Z2-vector spaces. 

We next describe the construction of the map tt^^^^. Assume that 

ai < ^2 < ai, 02, b ^ L5(I]). 
We first pick a small stabilizing 1-form A £ As(E, V). We note that 

3(ai,6;A) >3(a2,6;A). (38) 
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We pick a (|, e) -admissible quintuple a with ■n{a) = A and e < j^^j^'^jTjy- Note 
that because of (|38p this quintuple meets the assumptions of Lemma 14.121 for 
(ai,6) as well as for (02, fo). We introduce the closed interval 



/(ai,a2,6;A) = P(a2, fe; A) + 3,3(ai, 6; A) + 4] D /(a2,6;A). 



We set 



_„^(a,J) = {Fei/,\(a,J) : M\oo i I{a,,a2,b-\), V (i;, ry) G J)}. 

A similar reasoning as in Lemma [4.121 shows that U^^ 01(0^1 J) open set of 
C'^{V X S^) containing the zero perturbation. We define 

^La, («, J)^{f^ Ul,a, («, J) ■■ AU^) i {ai, a2, 6}, V «; e C^^ {A%, J)}. 

Again this is an open subset of C'^{V x 5^) containing the zero perturbation. 
Let 

be the connected component containing and set 

^LaM J)^{Fe Vl^^aS^, J) : A'^p Morse}. 
Note that V^^ ^ (o^i non-empty and satisfies 

We pick 
Abbreviate 

= = {v.v) e crit^?(^^) : < J(ai, &; A) + 3}. 

Since 02 is not a critical value of A% and there is no critical point w — {v,r]) € 
crit|^2 (Ap) C A^Q2 (-^f'j J) ^ith 77 e /(ai, 02, fo; A), we have a disjoint union 

ctMF)^c',MF)uc:i{A-p,b). 

This leads to a direct sum of Z2 -vector spaces 

(^?,) = (Al^) ® (^^, 6) 

with 

CF:^{A'^p,b)=C:^^iA''p,b)®Z,. 

Let 
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be the projection along CF^^ {A% , b) . Using the fact that the action is increasing 
along gradient flow lines we observe that the projection commutes with 

the boundary operators and hence induces a homomorphism 

: HF^^ (A'^p, J) ^ HFl {A% J). 

A usual homotopy argument shows that this homomorphism is independent of 
F , a, and J and hence can be interpreted as homomorphism 

^l,^a,--RFHl^RFHl. 

The construction of the homomorphism 

i^^^'''! : RFHl^ RFHl^ 

is similar and will not be carried out here. We also omit the proof of ([57)1 . 

Given the bidirect system of Z2-vector spaces {RFH, tt, l) we can extract out of 
it two Rabinowitz Floer homology groups 

TiFH ^ lim lim RFH^ 

5— foo a— f — C30 

and 

RFH = lim liin RFH^ 

a— > — oo 6— foo 

Since inverse and direct limits do not necessarily commute it is an open problem 
if the two Rabinowitz Floer homology groups coincide. However, it is well known 
(see [S31 page 215]) that there is a canonical homomorphism which takes account 
of the interchange of inverse and direct limits 

k : RFH ^ RFH. 



In general the canonical homomorphism does not need to be an isomorphism, 
although we have no example where k fails to be an isomorphism in Rabinowitz 
Floer homology. We finish this subsection by computing the Rabinowitz Floer 
homology groups in two easy examples. 

Theorem 4.14. Suppose that T, is a weakly tame, stable hypersurface in a 
symplectically aspherical, geometrically bounded, symplectic manifold (V,io). 

(i) Assume that there are no closed characteristics in T, which are contractible 

in V , then 

RFH{Y;, V) = RFH jT., V) = iJ(S]; Za) 
where H denotes (ungraded) singular homology. 

(ii) Assume that S is displaceable in V , then 

TiFH{Y., V) = RFH (T,. V) ^ {0}. 
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Proof. We first prove assertion (i). If ttiere are no closed cliaracteristics on E 
wliicli are contractible in V, the unperturbed Rabinowitz action functional A" is 
Morse-Bott with critical manifold given by {{x, 0)} where a; € E is thought of as 
a constant loop. Since A" is constant on the critical manifold its homology is just 
the homology of the critical manifold, hence the homology of the hypersurface 
E. 

We next show assertion (ii). A reasoning similar as in the proof of Theorem l4.9l 
shows that if d > e(E), the displacement energy of E, and a < b, then 

<Xia ° = 0: RFH'^iJ:, V) ^ RFH^+iii:, V). 

This implies the vanishing of the two Rabinowitz Floer homology groups. □ 



4.6 Invar iance 



In this subsection we show that Rabinowitz Floer homology is invariant under 
stable tame homotopies. 

Theorem 4.15. Assume that S = (E^,A^) for C G [0,1] is a stable tame 
homotopy. Then there are isomorphisms 



$ = $5 : RFH{J:o, V) -> RFH{i:i,V) 

and 

$ = ^■^ ; RFH (T.n. V) i?£i£(Ei, 
such that the following diagram commutes 



RFH{T,o,V) ^RFH{J:i,V) (39) 



RFH (i:n.V) RFHjj:i, V). 



Proof. Given a stable homotopy S = (E.^, \ ) there exists a smooth family of 
positive real numbers > 0, such that cr^A,^ is small for every C, € [0, 1] and 
there exists a smooth path tq S 7^(E^, ct^ A,;) of large tubular neighbourhoods 
and a smooth path Iq G Is(E^, \q) of small -compatible complex structures 
such that 

is a smooth path of stable quadruples. We further remark that the stable 
homotopy (E^,ct^A(;) is still tame. 

Since each path of stable quadruples can be obtained by concatenating short 
paths it actually suffices to prove the theorem only for short paths of stable 
quadruples. We need the following Lemma. We refer the reader to ([14]) for the 
definition of 'H{a~ ,a^) and to Theorem 14.81 for the definition of A(i). 
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Lemma 4.16. Assume that *p = {T,i^, X(^,T(^, Iq) for C £ [0,1] is a short path 
of stable quadruples such that (E^, A^) is tame with taming constant c and is 
short in the sense that 

A(«B)<min| ^,A(iU. (40) 

- \l44-max{l,c} V2/J 



Then there exist admissible quintuples aT for Sg and af^ for Ei, a time 
dent Hamiltonian H G H(a^,a^), and a time- dependent metric m = {m^jsgR 
on £ X M which is constant for \s\ large such that the following holds true. 
Suppose that w = {v, rj) G C°°(M, £ x M) is a gradient flow line of the time de- 
pendent gradient Vms^^" which converges asymptotically lims-i.±oo w{s) — 
to critical points of A" , such that a = A°' and b — A"^ (w^)- Then the 

following holds 

(i) If a > i, then > f . 

(ii) Ifb < -i, then a < |. 

Proof. We choose H as in Theorem l4.8l Combining tameness with Theoreni l4.8l 
for e = 5 and using (l40l) we obtain 

IhlU < 9niax{c, a| + 2. (41) 

Moreover, by letting a tend to oo in Step 1 of Theorem 14. 8l we obtain 

b>a-2AmMoo. (42) 



From (gnil-dll]) we extract 



\b-a\ 1 

b>a-- . (43) 

- 8 36 ^ ' 



To prove assertion (i) we first consider the case 

\b\<a, a>i. 

In this case we estimate 

\a\ 1 3a 1 a 
4 36 4 36 -2 

Hence to prove assertion (i) it suffices to exclude the case 

-&>a>i. (44) 

But in this case leads to a contradiction in the following way 

, 1 \b-a\ 1 \b-a\ b 

b> > > - 

-9 8 36 - 8-4 
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implying that ^ > and hence 6 > contradicting pi)) . This proves the first 
assertion. 

To prove assertion (ii) we set 

b' = —a, a — —b. 

We note that if (j43|) holds for a and b, it also holds for b' and a' . Hence we get 
from assertion (i) the implication 

, 1 b 

-b> - =^ -a> — 
- 9 - 2 

which is equivalent to assertion (ii). This finishes the proof of the Lemma. □ 

Proof of Theorem 14.151 continued: In view of Lemma 14.161 we obtain for 
a < — ^ and b > ^ homomorphisms 

$^ rfhI{^o,v) ^ RFHliJ:i,V) 

defined by counting gradient fiow lines of the time dependent Rabinowitz action 
functional. Again to count gradient flow lines we have to choose small per- 
turbations which make Rabinowitz action functional Morse and then take the 
count (possibly after a further abstract perturbation) of the essential part of 
the moduli space of gradient flow lines of the perturbed time dependent func- 
tional. These homomorphisms interchange the maps tt and l and hence induce 
homomorphisms 

¥: RFHiY.o, V) ->■ RFH{^i,V) 

and 

$ : RFH lEn. V) ^ RFRi^i^V) 
such that commutes. 

It remains to show that $ and $ are isomorphisms. By using the homotopy 
backwards we get homomorphisms 

RFm{^i,V) ^ RFH\{^Q,V). 

A standard homotopy of homotopy argument shows that for a < — | and 6 > | 
the composition of $ and is given by 

*| o $1 = oL^'a'^: RFHS i^o,V) ^ i?Fij|(So,T^) 
and analoguously 

^lo^-l = n'i^^o La~' : RFhI iJ:i,V) ^ RFH'i{j:i,V). 
Hence we conclude that 

^°* = id|l«?H(Eo,y)' ^o"* = id|7lFi7(Si,v) 
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and 

This implies that $ and $ are isomorphisms with inverses 

= f , = 

This finishes the proof of the theorem. □ 



5 Mane's critical values 



In this section we summarize the main properties associated with the various 
Marie's critical values. Wc also show that there arc open sets of hypcrsurfaccs 
with high energy which are not stable; however these are virtually contact, 
showing the need to consider the latter notion. 



5.1 Definition and basic properties 

As in the Introduction we consider the cotangent bundle r: T*M — )• M of a 
closed manifold M and the autonomous Hamiltonian system defined by a convex 
Hamiltonian 

H{q,p) = \\p\'' + U{q) 

and a twisted symplectic form 

ujcr = u! = dp A dq + T* a. 

Here dp A dq is the canonical symplectic form in canonical coordinates {q, p) on 
T*M, \p\ denotes the dual norm of a Riemannian metric g on M, U: M ^ 
R is a smooth potential, and cr is a closed 2-form on M. This Hamiltonian 
system describes the motion of a particle on M subject to the conservative 
force —VU and the magnetic field a. In local coordinates gi, . . . , g„ on M and 
dual coordinates pi , . . . , p„ the Hamiltonian system is given by 

dH 

OPi 



dqi ^ dpj 



where 



1 " 

^ X! ^io{Q)dqi f\ dqj 



In particular, the g-components of the Hamiltonian vector field Xh are inde- 
pendent of a, 

dH 
dp 



Xh = {Hp, *), Hp 
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Let 11: Af — !> M be a cover of M and suppose that H* a is exact. The Hamil- 
tonian H hfts to Hamiltonian H and we define the Mane critical value of the 
cover as: 

c{H) :— inf sup H{q,9q), 

where the infimum is taken over all 1-forms 6 on M with d9 ~ 11* ct. 

If M is a cover of M, then clearly c{H) < c{H) and equality holds if M is a 

finite cover of M . 

The critical value may also be defined in Lagrangian terms. Consider the La- 
grangian on TM given by 

L{q,v)^]^\v\^~U{q)+e,{v), 

where 9 is any primitive of 11* ct. It is well known that the extremals of L, i.e., 
the solutions of the Euler-Lagrange equations of L, 

d dL dL 

coincide with the projection to M of the orbits of the Hamiltonian H. The 
action of the Lagrangian L on an absolutely continuous curve 7 : [a, h] — >■ M is 
defined by 

^Z(7)= / L{^{t),i{t))dt. 

We define the Maiie critical value of the Lagrangian L as (this was Mane's 
original definition): 

c{L) — YDi{k E R : ^£^^.(7) > for any absolutely continuous closed curve 7 

defined on any closed interval [0,r] }. 

Note that c(L) may depend on the primitive chosen, but it will remain un- 
changed for all primitives of the form 9 + df, thus it could only change if we 
consider another primitive 9' such that 9 — 9' determines a non-zero class in 
i?^(M,R). The relationship between the Lagrangian and Hamiltonian critical 
values is given by (cf. [8|[20j): 

c{H) — inf c{L~vj). 

[ro]e//i(M,R) 



There are two covers which are distinguished: the universal cover tt : Af — >■ 
M and the ahelian cover ttq : A/o — > A/. The latter is defined as the cover 
of M whose fundamental group is the kernel of the Hurewicz homomorphism 
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TTi (M) I—)- Hi (M, K) (we could also take coefficients in Z; this will not alter the 
discussion below since critical values are unchanged by finite covers). We denote 
the lifts of to M resp. Mq by H resp. Hq and the corresponding Mane critical 
values (when defined) by 

c := c{H) ^ c{L), cq -.^ c{Ho) ^ c{Lo). 

The critical value c = c{H) — c{L) is the one given in the Introduction. We 
note here some of its properties: 

(i) c < oo if and only if TT*a has a bounded primitive (with respect to the 
lifted Riemannian metric); 

(ii) if M admits a metric of negative curvature, any closed 2-form a has 
bounded primitives in M |33j; 

(iii) if [a] € H^{M,M) is non-zero and 7ri(M) is amenable Q, c = oo ([S^, see 
also [60l Corollary 5.4]). 

Lemma 5.1. For any k > c, the hypersurface is virtually contact. 
Proof. If /c > c we may choose e > and a primitive 6 of 7r*(T such that 

e+\e,\<.j2{k-U{q)) (45) 

for all q e M. 

Let A be the Liouville form on M. Then we may write uj — d{X + t*9). Since 
= {Hp, *), on Sfc we have 

(A + T*0){Xfj) = + 9g{Hp) = 2(fc - Uiq)) + 9g{Hp). (46) 

But 9g{Hp) > ~\9q\^2{k - U{q)) for all qeM. It follows from (|45|) and (jie]) 
that 

(A + T*9){Xfj) > 2{k - U{q)) - \9,\^2{k-U{q)) 

>^2{k-U{q))[^j2{k~U{q))-\6,\^ 
>e\ 

On the other hand ((45|) also implies that there is a constant C > such that 

sup___ |(A + f*0)(,,p)| < C 

and thus is virtually contact. □ 

*A group G is amenable e.g. if it is abelian, solvable or nilpotent. If G contains a free 
subgroup on two generators (which is the case e.g. for the fundamental group of a closed 
surface of genus at least 2) it is not amenable. 



62 



5.2 Hyperbolic spaces 



The results in this subsection are weh known; we include them here for the 
reader's convenience (cf. [IH])- Let F be a cocompact lattice of PSL{2,R). The 
standard horocycle flow ht is given by the right action of the one-parameter 
subgroup 

1 t 
1 

on r\P5i(2,R). The horocycle flow is known to be uniquely ergodic [28] . 
Morever, it has zero topological entropy since 

for all e M, where (f/' is the geodesic flow given by the one-parameter sub- 
group 

e*/2 
e-*/2 

(The relation (p^ o hg — hg^-t o 0^ implies that for any i, the flows s hg and 
s I— >■ hgf^-t are conjugate and thus they must have the same entropy. But for 
t 0, this forces the entropy of hg to be zero.) 

In fact, ht parametrizes the strong stable manifolds oicfP. A matrix X in sl(2, R) 
gives rise to a flow on r\F5i(2,R) by setting 

The geodesic and horocycle flows are just particular cases of these algebraic 
flows. Consider the following path of matrices in s[(2,R): 



-1/2 J \ -1/2 

The flows (p" on r\PSL{2, R) associated with the matrices Xg can be interpreted 
as magnetic flows. Since PSL{2,M.) acts by isometrics on the hyperbolic plane 
H^, M := r\IHI^ is a compact hyperbolic surface provided F acts without fixed 
points, and the unit sphere bundle SM of M can be identified with F\P5i(2, R). 
A simple calculation shows that is the Hamiltonian flow of the Hamiltonian 
H{x, v) = jlwl^ with respect to the twisted symplectic form on TM given by 

ujg — da — s Tr*a, 

where tr is the area form of M, tt: TM — > M is the canonical projection and 
a is the Liouville 1-form that generates the geodesic flow of M. For s — 0, cffi 
is the geodesic flow and for s = 1, 0^ is the flow induced by the one- parameter 
subgroup with matrix on sI(2,R) given by 



1/2 1/2 

-1/2 -1/2 
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Observe that there exists an element c G PSL{2,M.) such that 



1 




Explicitly 



I -1 1 



Then the map /: r\PSL{2,R) r\PSL{2,R) given by /{Tg) = Tgc con- 
jugates (f>^ and h, i.e. f o (pl — ht o f. (In fact, any matrix in s[(2,IR) with 
determinant zero will give rise to a flow which is conjugate to ht or h-t- 
So, up to orientation, there is just one algebraic horocycle flow.) Note that 
detXs = — 3:(1 — s^), so for \s\ < 1, the flow 0^ is conjugate to the geodesic flow 
(fp, up to a constant time scaling by Vl — s-^. Hence the magnetic flows cf)'^ are 
just geodesic flows, but with entropy Vl — s^- Similarly, for |s| > I, is up to 
a constant time scaling conjugate to the flow generated by 



V 



1/2 
-1/2 



which is actually the fibrewise circle flow. 

In the discussion above we have kept the hypersurface SM [k = 1/2) fixed and 
changed a by sa. This was just done for convenience, since the flow (j)" on SM 
is equivalent to the Hamiltonian flow on Yik with respect to cr, where = l/2k. 
Note that ujs restricted to SM has a primitive given by V's '■= a — 57, where 7 
is the unique left-invariant 1-form which takes the value one on V and zero on 

1/2 \ f -1/2 
-1/2 ) ' -1/2 

The 1-form 7 is also the connection 1-forni determined by the Levi-Civita con- 
nection of the hyperbolic metric. Also note that i/jsiXs) = 1 — and thus 
is of contact type for all k 1/2 (with opposite orientation for k < 1/2). 

The fact that the Marie critical value is c = 1/2 can be seen as follows. The 
form y~^dx is a primitive of the area form y~^dx A dy and has norm 1. This 
shows that c < 1/2. To see that in fact c = 1/2 one performs a calculation with 
geodesic circles exactly as the one in the proof of Lemma 16.111 below. 

Summarizing, we have obtained the picture described in the Introduction: 



• For k > 1/2, the dynamics is Anosov and conjugate (after rescaling) to 
the underlying geodesic flow. The energy levels are contact. 

• At the Mane critical value k = 1/2 we hit the horocycle flow. There are 
no closed orbits and the level is unstable. 

• For k < 1/2 all orbits are closed and contractible. Energy levels are 
contact but with opposite orientation. 
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A very similar picture is obtained if we take compact quotients of complex 
hyperbolic space Hq with its Kahler form, see [22l Appendix]. If we normalize 
the Kahler structure ig,cr) to have holomorphic sectional curvature —1 (so the 
sectional curvature K satisfies —1<K< —1/4), then the Mane critical value is 
c = 1/2, Efc is Anosov for k > 1/2, for fc = 1/2 one obtains a unipotent ergodic 
flow without closed orbits, and for fc < 1/2 all orbits are closed and contractible. 
However, there is an essential difference between the case n — 1 and n > 2. As 
we saw above, for n — 1 the restriction of the symplectic form to is exact. 
This is no longer the case for n > 2. Nevertheless it is easy to see that for 
k > 1/2, Sfe is stable. Indeed, since the flow is algebraic, the strong stable and 
unstable bundles are real analytic and together they span a hyperplane bundle 
^ in Efc invariant under the magnetic flow. If we define a 1-form A such that 
X{Xh) = 1 and ^ — kerA, then A is a stabilizing 1-form. Observe that in this 
case dX and oj span a 2-dimensional space of flow invariant 2-forms. For n = 1 
this space is just one dimensional. 

5.3 The exact case 

Now we focus on the case that a is exact. We begin with the case cr = 0. 

Lemma 5.2. Suppose ct = 0. Then c — maxC/ and any regular level set Efc is 
of contact type. 

Proof, li a — the infimum in the definition of c = c{H) is attained for 6 — 0., 
hence c = max[/ and fc = c is a singular value oi H. li k > c — max?7, then 
E^j encloses the Lagrangian zero section and is thus of contact type (with the 
Liouville form A as contact form). Suppose then fc < c is a regular value. A 
quick glance at the proof of the previous lemma shows that X{Xh) — |pp > 0. 
Note that the set {p = 0} H E^ does not contain any set invariant under the 
flow of Xh since XH{q,0) = (Oj*) 7^ 0. Therefore, for any invariant Borel 
probability measure fi we have 



and Efc is of contact type by Theorem l2.7l Alternatively, the condition Xniq, 0) = 
(0,*) ^ allows us to pick a function /: T*M ^ R with df{XH) > along 
{p — OjnEfc, hence (for / small) {X + df){XH) > and X + df is a contact form 



More generally, we have 

Lemma 5.3. A closed 2-form cr on M is exact if and only if tTqCF has a bounded 
primitive. The Mane critical value cq associated to the abelian cover ttq : Mq — >■ 
M is given by the formula in the Introduction 




on Efc. 



□ 



Co = c{H) = inf sup H{q, 9q), 

^ qeM 
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where the infimum is taken over all 1-forms 9 on M with dO = a (and co = oo 
if a is not exact). If k > cq the hypersurface Sfc is of contact type. 

Proof. The first two statements follow from the fact that the deck transforma- 
tion group of the cover ttq : Mq —>■ M is abelian, hence amenable, so a bounded 
primitive of ttqCt can be averaged to a primitive of a on M, see |33j and |601 
Corollary 5.4]. The proof of the last statement is analogous to the proof of 
Lemma 15.11 (but simpler) . □ 

Remark. Note that in the last two lemmas we actually obtain restricted contact 
type. 

Relation to Mather's a-function. Suppose now that a is exact and fix a prim- 
itive 6* in Af and consequently a Lagrangian L. As Marie pointed out [48l [T9] . 
there is a close relationship between the critical values and Mather's mini- 
mizing measures f49'. Mather's a function is a convex superlinear function 
a: i/i(M,M) M given by 



where fj, runs over all Borel probability measures on TM invariant under the 
Euler-Lagrange flow of L. It turns out that 



(see [61] [20]). The value cq = c{H) is also called the strict critical value. We 
now summarize some of the main properties of Cq: 

(i) Co = c(Lo) = c(iJo), where Lq, Hq are the lifts of L, H to the abelian cover 



(ii) if M 7^ and c < k < cq, then Sfe is not of contact type [lE^, Theorem 
B.l]; 

(iii) there is a characterization of Cq in terms of Symplectic Topology |62| : it 
is the infimum of the values of k such that the region bounded by 
contains a Lagrangian submanifold Hamiltonian isotopic to gr(— 0). (in 
fact the whole of Mather's a function can be characterized in a similar 
way just by considering Lagrangian submanifolds with a fixed Liouville 
class); 

(iv) if 7ri(M) is amenable, c = co |24j . 

The gap between c and cq. The inequality c < cq could be strict. Examples of 
this phenomenon were given for the first time in [61] : 




a([n7]) = c{L — vd) 



and therefore 



Co = c{H) 



min[j:^]g_fj-i(M,R)a(['Cf7]) 



Mo 61^; 
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Theorem 5.4 (fST]). On a closed oriented surface M of genus > 2 there exists a 
metric of negative curvature and an exact 2-form a such that c < cq. Moreover, 
there exists an open interval I C (c, cq) such that all level sets with fee/ 
are Anosov. In particular, these levels are virtually contact but not stable. 

Proof. All statements except the last one are proven in The levels k ^ I 
are virtually contact by Lemnia l5.ll On the other hand, suppose a level fc G / is 
stable and let A be a stabilizing 1-form. The transitivity of the flow and the fact 
that dimAf — 2 easily imply the existence of a constant a such that dX — auj. 
If a ^ we obtain a contradiction with the fact that these energy levels cannot 
be contact by property (ii) above. If a = 0, we obtain a contradiction with 
Corollary [IHI □ 

Next we describe a large class of manifolds exhibiting a large gap between c and 
Cq. Consider a closed manifold M with a closed 2-form such that 7^ [O] G 
H^{M,Z). Suppose moreover that VI has a bounded primitive in M. Consider 
a circle bundle p: P ^ M with Euler class [f!] and ip a connection 1-form with 
p*n = —dip. Fix any Riemannian metric h on M and consider for e > the 
metric on P given by 

9e{u, v) = e^^h{dp{u), dp{v)) + ^:{u)il){v). 

Theorem 5.5. For H = ^\p\l on T*P and a — —dTp the .strict Mane critical 
value satisfies CQ^g^, a) — 1/2 for all e > 0, but c{g^, cr) — ^ as e — > 0. 

Proof. Since [VL] ^ 0, the Gysin sequence of the circle bundle p: P M shows 
that p* : (M, R) (P, M) is an isomorphism. Thus the orbits of the circle 

action arc all null- homologous in Hi (P; R) . Let V be the vector field dual to ip 
and note that geiV, V) — 1. Clearly this implies co{gE,cr) < 1/2. To show that 
equality holds we consider the Lagrangian on P given by 

and we note that the action ^L+fc of the orbits of V equals 27r(fc — 1/2). Since 
the orbits of V are null- homologous in Hi {P; R) and this action is negative if 
k < 1/2 we must have co{ge,a) = 1/2. 

Let TT : M —i' M he the universal cover and p: tt* P ^ M, the pull-back bundle. 
Let TT : TT* P — >■ P be the obvious map such that p o n — nop. Clearly tt is 
a covering map of P. By hypothesis, we may write 7r*i7 — dO, where \9\ao = 
sup^gjQT l^^l < 00. Note that 

dp* 9 — —dTT*ip — TT*a 

and that 

\9q\e = min|„|^^i|6'q('y)| = emin|„|^i|6'q(w)| = e \9q\. 
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Thus 



e\0\l 



CO 



as e 0. 



2 



□ 



Later on in Section [S] we shall see another very explicit example which together 
with the preceding result suggests that the gap between c and cq is rather 
frequent on manifolds with non-amenable fundamental groups. 

5.4 Instability for large energies when [a] ^ 

The purpose of this subsection is to show that when [a] 0, there can be 
hypersurfaces which are not stable for any sufficiently large k. More precisely, 
we will prove: 

Theorem 5.6. Let (AI,g) be a closed Riemannian manifold of even dimension 
different from two whose sectional curvature satisfies the pinching condition 
—4 < K < —1. Let a be a closed 2-form with [a] 0. Then for any k 
sufficiently large, the hypersurface Sfe is not stable. 

Remark. Note that these levels are actually virtually contact by Lemma [Ol and 
the fact that a has bounded primitives on the universal cover of M. 

The ideas for the proof of this theorem come from [251 [26l [34l 141] . 

We start with a preliminary discussion on Anosov Hamiltonian structures. 

Recall that the flow (pt of a vector field F on a manifold S is Anosov if there is 
a splitting TE = RF ® E'^ ® and positive constants A and C such that for 
all X G S 



If an Anosov vector field F is rescaled by a positive function its flow remains 
Anosov [21 [Sn] . It will be useful for us to know how the bundles E^ and i?" 
change when we rescale F by a smooth positive function r : E — > R+ . Let be 
the flow of rF and E'^ its stable bundle. Then (cf. [59] ) 



where z(x,v) is a continuous 1-form (i.e. linear in v and continuous in x). 
Moreover, if we let I — l{t, x) be (for fixed x) the inverse of the diffeomorphism 



\dx<t)t{v)\ < Ce-^*\v\ for v e E" and t > 0, 
dx(/>-t(w)| < Ce-^*|w| for t; e F" and t > 0. 



E''{x) = {v + z{x,v)F{x): veE^x)}, 



(47) 




then 



d(l)t{v + z{x,v)F{x)) = d(l)i{v) + z{(f)i{v),d(f>i{v))F{(f>i{x)). 



(48) 
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There is a similar expression for E'^. It is clear from the discussion above that 
the weak bundles RF © E'^ and RF ® E" do not change under rescaling of F 
(the strong bundles E^'^ are indeed affected by rescaling as we have just seen). 

Let (E, uj) be a Hamiltonian structure. We say that the structure is Anosov if 
the flow of any vector field F spanning ker w is Anosov. 

We say that an Anosov Hamiltonian structure satisfies the l/2-pinching condi- 
tion or that it is 1-bunched [351 136j if for any vector field F spanning ker a; with 
flow <j)t there are functions jifjUs'. S x M+ M+ such that 

• limt^oo sup^gs fjl^ = 0; 

• iif{x,t)\v\ < \d(j)t{v)\ < fis{x,t)\v\ for all a; € S, i > and v e E^{x), and 
Hf{x,t)\v\ < \dcj)_t{v)\ < iisix,t)\v\ for all x e T,, t > and v e E'^{(t)tx). 

We remark that the f/2-pinching condition is invariant under rescaling. Indeed, 
consider the flow (pt of rF. It is clear from (|T7| and P5|) that there is a positive 
constant k such that 

-^f{x,l{t,x))\v\ < \d4>tiv)\ < Kiis{x,l{t,x))\v\ 

for t > and v E E^ (with a similar expression for E^). We know that given 
e > 0, there exists T > such that for all a; € S and all t > T we have 

^J.f[x,t} 

On the other hand, there exists a > such that l{t, x) > at for all a; € S and 
t > 0. Hence for all t > T/a we have 

Hs{x,l{t,x)f 

< £ 



lif{x,l{t,x)) 



for all X g S. Therefore 



^is{x,l{t,x)f 

hm sup 7 — = 

*->°°xei; ^J■f{x,l[t,x)) 

and thus (pt is also 1/2-pinched. 

Hence the Anosov property as well as the I/2-pinching condition are invariant 
under rescaling and thus intrinsic properties of the Hamiltonian structure. One 
of the main consequences of the 1/2-pinching condition is that the weak bundles 
RF ® E" and RF ® F" are of class Theorem 5] (see also [57]). 

Suppose now (S, uj) is a stable Anosov Hamiltonian structure satisfying the 1/2- 
pinching condition and let A be the stabilizing 1-form and R the Reeb vector 
field. Invariance under the flow implies that uj and A both vanish on E^ and 
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E'^. Since the flow (j)t of R is Anosov and ® = ker A wliicli is C°°, it 
is clear that E'' and E'^ must be since E^"'" = (Ki^ ® n ker A. Under 

these conditions we can introduce the Kanai connection ^I] which is defined as 
follows. 

Let / be the (1, l)-tensor on S given by I{v) = —v for v € E", I{v) — v for 
V G E" and I{R) — 0. Consider the symmetric non-degenerate bilinear form 
given by 

h{X, Y) uj{X, IY) + X(g) X{X, Y). 

The pseudo-Riemannian metric h is of class and thus there exists a unique 
C° afhne connection V such that: 

(i) h is parallel with respect to V; 

(ii) V has torsion u! ^ R. 

This connection has the following desirable properties [26l |41] : 

• The connection is invariant under cjjt', 

• The Anosov splitting is invariant under V: if X is any section of E^'", 
VyX e S''-" for any v; 

• the restriction of V to the weak stable and unstable manifolds (i.e. leaves 
of the weak stable and unstable foliations) is flat; 

• parallel transport along curves on weak stable/unstable manifolds coincide 
with the holonomy transport determined by the stable/unstable foliations. 

The other good consequence of the 1/2-pinching condition, besides smooth- 
ness of the bundles, is the following lemma (cf. f41] Lemma 3.2]). 

Lemma 5.7. V(dA) = 0. 

Proof. Suppose r is any invariant (0, 3)-tensor annihilated by R. We claim that 
r must vanish. To see this, consider for example a triple of vectors (fi,W2,W3) 
where vi,V2 G E'^ but V3 G E'^ . Then there is a constant C > such that 

\Tx{vi,V2,Vs,)\ = \Ttiy^x{d4)t{vi),dcf)t{v2),d(j)t{vs,))\ 
< C^s {X, tffif (X,ty^\vi\\v2\\v3\. 

By the 1 /2-pinching condition the last expression tends to zero as i — ?> cxd and 
therefore Tx{vi,V2,V3) = 0. The same will happen for other possible triples 
{vi,V2,V3) when we let t — >■ ±00. 

Since dX and V are 0t-invariant, so is V(dA). Since indX = 0, V(dA) is also 
annihilated by R (to see that Vfl((iA) = use that dX is 0t-invariant and that 
Vfl, = Lb)- Hence by the previous argument apphed to r = V(dA) we conclude 
that V(rfA) = as desired. □ 
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Since lu is non-degenerate, there exists a smooth bundle map L: E'^ (B E" -> 
E" ® E-^ such that for sections X, Y of E'' (S -E" 

d\{X, Y) ^ uj{LX, Y) ^ uj{X, LY). 

The map L is invariant under (f)t and preserves the decomposition i?" © E^, 
i.e. 1 = 1" where : E" E' and : -> i;". In particular, L 

commutes with /. 

Suppose now dimS = 2rt — 1, where n is an even integer. Since dimi?'* = 
n — 1 is odd, L^. admits a real eigenvalue p (note that by transitivity of 4>t, the 
characteristic polynomial of is independent of a; G S) . Let 

:= {v e £;^(a;) : L%v = pw}. 

Since V(dA) — fLemma l5.7p . i?(a;) is invariant under the parallel transport of 
V and thus x ^ H{x) is a subbundle of E'^ . 

Let W^{x) be the strong stable manifold through x. We note that the restriction 
of H to W^{x) is integrable. Indeed, let X and Y be parallel sections of i?" over 
W''{x) (such sections must be C^) and observe that since V has zero torsion on 
E^ we have [X, Y] = VxY - WyX = 0. 

The maximal integral submanifolds of H on W{x) define a foliation of class 
on W'^{x) and thus a foliation of class on E. 

Proof of Theorem 15.61 Suppose the sectional curvature K of a, Riemannian met- 
ric satisfies —A^ < K < —o? for some positive constants a and A. Then, com- 
parison theorems show that [43, Theorem 3.2.17] (see also ,44, Proposition 3.2]) 
there is a constant C > such that 

^|w|e"^* < \d^(t)t{v)\ < Clvle-"* for v e E' and t > 0, (49) 

^|w|e-^* < \d^(t>-t{v)\ < C|w|e-"* for v e E"" and t > 0, (50) 

where 4>t is the geodesic flow of the Riemannian metric. If we let /is = Ce~°* 
and = ^e~"** we see that (f>t is 1/2-pinched as long as A < 2a. Therefore 
the geodesic flow of a metric whose sectional curvature satisfies —4 < K < ~1 
is 1/2-pinched. For sufficiently large k, (I]fc,a;o-) is an Anosov Hamiltonian 
structure since it can be seen as a perturbation of the geodesic flow. In fact 
it is also 1/2-pinched. This can be seen as follows. An equivalent claim is 
that (Ei/2,Wscr) is 1/2-pinched for small s. An inspection of the proof of (|49p 
and (15(11) in [151 Theorem 3.2.17] shows that if we do the same analysis for 
the magnetic Jacobi (or Riccati) equation we obtain numbers A{s) and a(s) for 
which (|49)) and (jSOp hold. These numbers will be as close as we wish to A{0) = 2 
and a(0) = ^/ —max K > 1 if s is small enough and the 1/2-pinching condition 
follows. 
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We now make some remarks concerning the space of leaves of the weak fohations. 
The weak unstable foliation W" of {'Sk,'^a) is transverse to the fibres of the 
fi-bration by (n — 1) -spheres given by 

t: Sfc ^ M. 

(This simply follows from the fact that this property is true for the geodesic 
flow.) Let M denote the universal cover of M and let Sfc denote the preimage 
of Efc in T*M. We also have a fibration by {n — l)-spheres 

rk, : Sfc ^ M. 

Let W" be the lifted foliationjind note that the foliation is also transverse 
to the fibration T|g^ : — ^ M. Since the fibres are compact a standard result 

in foliations [iTl p. 91] implies that for every p G the map 

is a covering map. Since M is simply connected, "^lyyui-p) is in fact a diffcomor- 
phism and yV"(p) is simply connected. Consequently, yV'"(p) intersects each 
fibre of the fibration ^jg^ : — >■ M at just one point and therefore the space 

of leaves -B" :— Efc/W" of the weak unstable foliation can be identified topo- 
logically with the {n — l)-sphere. Similarly the space of leaves of the weak 
stable foliation is also an (n — l)-sphere. Note that tti{M) acts on i3". Since 
the characteristic foliation of (S/c, w^) is topologically conjugate to that of the 
geodesic flow, the action of tti (M) on the space of leaves is topologically like in 
the geodesic flow case: Every element in tti{M) acts on as a North-South 
dynamics, i.e. a homeomorphism of S"~^ with exactly two fixed points P± such 
that every other point converges to P± under forward resp. backward iteration. 

Now suppose that Efe is stable. Our previous discussion produces a foliation 
T of class on E^. This foliation can be lifted to and then projected to 
(J^ is invariant under holonomy maps) to produce a foliation of positive 
dimension on which is 7ri(Af)-invariant. By the result in |27| . such a foliation 
must be trivial, i.e. consist of just one leaf. This implies that H = E" , and hence 

d\ ~ pujcy 

for some constant p. By Corollarv l2.101 the constant p cannot be zero. It follows 
then that Wo- must be exact on E^. However, the Gysin sequence of the sphere 
bundle shows that this is impossible since [a] 7^ and n ^ 2. 

Thus Efc cannot be stable for high energies, which proves Theorem 15.61 □ 

Remark. The proof above can be considerably improved following the ideas in 
[34] to show the following result: suppose [a] 7^ and n > 3 (not necessarily 
even). If (Efc, uj^) is a 1/2-pinched Anosov Hamiltonian structure, then it cannot 



72 



be stable [55] • If we drop the 1/2-pinching condition, the result is no longer true 
since compact quotients of complex hyperbolic space with the Kahler form are 
stable for high energies (cf. Subsection 15. 2p It is tempting to conjecture that 
these are the only stable Anosov Hamiltonian structures with [a] ^ and n > 3. 

6 Homogeneous examples 

In this section we study magnetic flows for left-invariant metrics on some com- 
pact homogeneous spaces V\G and verify the paradigms in the introduction. 
Here G is always a Lie group and F C G a cocompact lattice, i.e. a discrete 
subgroup such that the left quotient F \ G is compact. The magnetic field a will 
be always a left-invariant 2-form. 

Using left translations we identify T*G with G x g* so left-invariant smooth 
functions /: T*G — >■ K are just elements in C°°{q*). As before we set uj^ = 
dp A dq + T*a, where dp A dq is the canonical symplectic form in T*G. Let 
{ , }ct be the Poisson bracket of oja defined as {H,F}cr = cjJcr{XH,Xp). Since 
all the objects involved are left-invariant, in the next lemma we just focus on 
the identity e G G. 

Lemma 6.1. Let ^ e q* , (w,^), (w,??) G T(e^)(G x g*) = g x g*. We have: 

(i) uj^{e,fi){{v,£,), {w,r])) = ^(w) - ijiv) - fi{[v,w]) +ae{v,w); 
(ii) Given f,g€C°°ig*), 

= K[dtJ^f,df,g]) - aeidf,f,df,g) 

where we canonically identify (g*)* with g; 

(Hi) Given f £ G°°(g*). let Xf he the Hamiltonian vector field of f with respect 
to LOa- Then 

X/(e,/i)-(d^/,i?/(At)), 
where Ef{p) € g* is given by 

Ef{p){w) = p,{[df,f,w]) - cre{df,f,w). 

We will call Ef the Euler vector field of f. 

Proof. The proof of the lemma for a ~ can be found in [21 Section 4.4]. When 
a =/= the lemma follows right away from the definition of Wo-; we leave the 
details to the reader. □ 

Suppose / e G°°(g*) has a compact level set Sk := f^^{k) C g*. Clearly Ef is 
tangent to Sfc; let tpt be its fiow. Let (f>t be the flow of Xf in = (F \ G) x S^. 
Let 7r2 : (F \ G) x Sfc — ?> be the second factor projection. Clearly 1^2° 4>t = 
ipt o TT2- Thus, if Ef is geodesible on Sfc, then is a stable hypersurface. This 
observation is nothing but a rephrasing of Lemma 12.31 in this context. 
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6.1 Tori 



Consider the torus T" {n > 2) and let ct be a non-zero constant 2-form. Let 
uJa = dp Adq + T*a be the twisted symplectic form on T*T". We shaU consider 
on T" the usual flat metric and we let Sfc := H~^{k), where H{q,p) = ^Ipp. 
Below we will make use of the following elementary lemma. 

Lemma 6.2. Consider R'^ with its usual inner product and let A: M*^ — > R'' be 
an antisymmetric linear map. Consider the 1-form a in MJ' given by ap(^) = 
\{p,A^). Then 



Proposition 6.3. // a is non-zero, then the hypersurface is stable, tame 
and displaceable for any k > 0. 

Proof. Write T*T" = T" x R" and let vr: T" x M" ^ R" be the second factor 
projection. The equations of motion of any Hamiltonian H(q,p) with respect 
to uJa- are given by 

q = VpF, 

p = JVpH - VqH, 

where J: R" — !• R" is the antisymmetric linear map determined by cr(-, •) = 
(•, J-). In particular, for the Hamiltonian H{q,p) = we obtain 

p = Jp 

Split R" orthogonally as R" = Ker J © Im J and let Pi : R" ^ Ker J and 
P2 : R" — )■ Im J be the corresponding orthogonal projections. The restriction of 
J to ImJ is invertible and we let A := (^Ijjju) ■ With this choice of A we 
obtain a 1-form a on ImJ as in Lemma 16.21 

Let /: T" X R" ^ T" X R" be the map f{q,p) = {q,Pi{p)) and let f be the 
Liouville 1-form in T*T". We claim that 

A := f*^ + {P2 o 7r)*a 

is a stabilizing 1-form on for any fc > 0. Note that df p){X h) ~ {p, 0) and 
dTT(^q.p)(XH) = Jp. Thus 

\q,p){XH) = i^(g,Pi(p))(p,0) +ap,(p)(Jp) = + ^|P2(p)P 

which is always positive on E^. On the other hand using Lemma 16.21 we obtain 

ixHd\q,p){x,y) ^ dv(q^p^(p)){{p,Q),{x,Pi{y))) + {Jp,AP2{y)), 
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where {x,y) denotes a vector in T(q p)(T" x R"). Using the fact that diy is the 
standard symplectic form on T*T" we obtain 

d'^{q,Pi(p)){{P^O), {x, Pi{y))) = -dH(q^p^(p)){x,Pi{y)) = 

Using the definition of A the other term is 

{Jp,AP2iy)) = ~{p,JAP2{y)) = ~{p,P2{y)) 

and hence 

■ixn d\q,p) {x,y) ^ - {p, y) = 

for {x,y) G Tfg p-jEfc. This proves (ix^j dA) | s^. = 0, so A is a stabihzing 1-form 
for Sfc. 

Displaceabihty of Sfc is easy to see (cf. [TOl Theorem B] and the proof of Theorem 
3.1 in 01]): Pick any a € M" with Ja 7^ (this exists since cr 7^ 0) and consider 
the Hamihonian h{q,p) — {a,p). The corresponding Hamiltonian flow deflned 

by 

q = a, p — Ja 

contains a translation in direction Ja and hence displaces every compact subset 
of T*T\ 

In order to show that Efc is tame we need to locate the contractible closed orbits. 
We can readily flnd the flow (f>t of Xh- Since J is antisymmetric, the solution 
to p = Jp is a 1-parameter subgroup t e*'^ G SO{n). We have 

U<1:P) = e^'pds + q, e'^p^ . (51) 

Write p = pi + p2, where pi £ KeiJ and p2 G ImJ. Then e^'^p — Pi + e^'^P2 and 
thus 

e'-^pds^pit+ I e''-^p2ds. (52) 



Let J := Jlini/- Then e*'' = But J is invertible, so we may write 

* e''p2ds = j\jr'^^ (e"'P2) ds = (J)-i(e*'^ - I)p2. 

Combining this with ([STjl and (|52|) we see that {q,p) € Sfc gives rise to a closed 
contractible orbit of period T iff pi = 0, e^''p2 = P2 and |p2p = 2fc. 

Now, a primitive for dpAdq + T*a in T*]R" is given by pdq + t* /3 where Pq{a) = 
^{q,Ja) (we use again Lemma l6.2p . Thus, if w is a closed contractible orbit in 
Efc, we have 

fl{v)= f {pdq + T* /3) = 2kT + I 13. 
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We compute 



and therefore 



Jt(v) ^ Jo ^ 

= fcr 



which clearly shows that is tame. □ 

Remark. It is instructive to see what the form A looks like in the following 
special cases: 

• when n — 2 and a = dqi A dq2 , then 

A = -^{Pidp2- P2dpi), 

• when n = 3 and a = dqi A dq2 , then 

A = Psdqa - ^{Pidp2 - P2dpi). 

Note that the Maiie critical value is infinite because a non-zero a has no bounded 
primitives in R". 

6.2 The Heisenberg group 

Let G be the 3-dimensional Heisenberg group of matrices 




where x,y, z £ R. If we identify G with M.^, then the product is 

(a;, y, z) -k {x' , y', z') ^ {x + x',y + y' , z + z' + xy'). 

For r wc take the lattice of those matrices with x,y, z E Z. However, the 
following discussion will hold for any cocompact lattice F. In fact, all lattices 
are isomorphic to the semidirect product k ^ Z where 



A = 



1 k 
1 



for some positive integer k [66] . 

The 1-forms a := dx, (3 := dy and 7 — xdy are left- invariant and provide 

a trivialization of T*G as G x g* . We let {x,y, z,pa,pfs,p-y) be the coordinates 
induced by this trivialization. Note that (pajPpjP'y) descend to coordinates 
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on r*(r \ G) = (r \ G) X q*. The coordinates (pa^PfSTP-y) are related to the 
coordinates {p^^Py^Pz) by Pa = Px, Pp = Py + xpz and p^ = p^. 

We consider the following left-invariant Hamiltonian H (dual to a suitable left- 
invariant metric on G): 

2H =pj^ +P0'^ +p^'^ =pl + {py + xpzf +pI. 

The magnetic field is given by the left-invariant 2-form 

a := —dx A dy. 

Note that a descends to an exact 2-form on F \ G since a = d'y. Also observe 
that 2H{'y) = 1, which implies that Marie's critical value cq is < 1/2. Later on 
we will see that c = cq = 1/2. 

The twisted symplectic form oj is: 

CO = dpx Adx + dpy Ady + dp^ Adz — dx Ady 

= dpa Adx + dpp Ady + dpj Adz — x dp-y Ady — [1+ Pj)dx A dy. 

The Hamiltonian vector field of a function H with respect to ui is given by 
(where etc. denote partial derivatives) 

{X = Hp^, Pa = -H^- (l+p^)Hp^, 

y = Hp^, Pp = -Hy+xH^ + {l+p^)Hp^, 

z = xHp^+Hp^, p^ = -Hz. 

(53) 

In particular, for the left-invariant Hamiltonian above we obtain 

{i = Pa, Pa = -PfSPf-Pfi, 

y = PfS, Vli = PaPf+Pa, (54) 

z = xpfi+pj, p^ = 0. 

The non-zero Poisson brackets of the coordinate functions arc {Xf(u) = {/, •}) 

{Pa,x} = {pis,y} = {Pj,z} = 1, {pij,z} = X, {Pa,P/3} = 1 

Let the Liouville 1-form he u = p^dx + Pydy +Pzdz and let 

ip := u + T*7. 

Clearly dip = lo. We compute 

iP{Xh) = Pa^ + PpiPp - Xp-i) + p^ixpp + p^) + p^ 

= Pa +Pft'^ +p^{p^ + l) = 2H + p^. (55) 

Let Sfc H-^{k). 

Lemma 6.4. The hypersurface T,^ is of contact type if and only if k > 1/2. 
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Proof. Equation (|55p tells us right away that if A: > 1/2, then is of contact 
type with contact form "0 since in this case 

iP{Xh) =2k+p^>2k- V2k > 

for every point in E^. 

An inspection of ((M)) reveals that = pp = y = 0, p-y = —V2k, x = Xq, 
z{t) = zo — V2kt give orbits of Xh with energy k which project to closed orbits 
in T*(r \ G). These closed orbits are in fact null-homologous since a and /? 
integrate to zero along them and these two 1-forms span H^{T \ G,R). (This 
is because by a theorem of K. Nomizu [57i the de Rham cohomology ring of 
r \ G is isomorphic to the Lie algebra cohomology of g and the isomorphism is 
induced by the natural inclusion of left-invariant forms.) Let d be one of these 
closed orbits. Using ([551) we see that for k < 1/2 

^ V = (2fc - V2fc)T < 0, (56) 

where r is the period of S. Now let /x be the Liouville measure on Efc. Again, 
using (f55|) we obtain 

/ 'i{j{XH)dn^ I {2k+pj)dfi^2k> 0. (57) 

By Lemma [2.91 the Liouville measure is exact as a current, so (f56| . (|57|l and 
CoroUarv 12.81 ensure that cannot be of contact type. Alternatively, instead 
of the Liouville measure one may also take the distinguished null-homologous 
closed orbits with Pa — Pp — y — 0, p^ ~ V2k, x = xq and z{t) = zo + V2kt. 
The integral of -0 along them has value {2k + •\/2fc)r > 0. □ 

Lemma 6.5. The hypersurface is stable for k < 1/2. 

Proof. Consider the following form on 

Padpp -ppdpa 

Pa + Pp^ 

This form is smooth away from = ±A/2fc and dtp = 0. We look for stabilizing 
1-forms A of the form 

^ = f{p-,)i^ + 9ip-t)'~p, 

where / and g are smooth functions in [— •\/2fc, \/2k] and g vanishes in small 
neighbourhoods of the end points. Using ^(X/f ) = 2k+p^ and ip{XH) = l+Pj, 
the condition X{Xh) > is equivalent to 

{2k+p^)f{p^) + {l+p^)g{p^)>0, (58) 

and the condition ixgdX = is equivalent to 

{2k + p^)f'{p^) + (1 + p^)g'{p^) = 0. (59) 
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To see that we can always choose / and g satisfying ([55]) and ([5^ provided that 
2fc < 1, take a non- negative smooth function r{py) which vanishes near the end 
points of [-V2k, V2k], r{-2k) > (note that -V2k < -2k) and 

J-V2k I+P7 

Note that this is always possible. Indeed as r we could take (1 + Pj)q{2k + p-y) 
where q{t) is a smooth non-negative even bump function with small support 
containing the origin. Now let 

fiP-f) ■■= r r{t)dt 

J -2k 

and 

2fc + ^ , , 



-V2k 



l + t 



Clearly (|59|) holds. With these choices, / vanishes only at —2k, is negative at 
the left of — 2fc and positive at the right of —2k. Also g > 0, it vanishes near 
the end points and g{—2k) > 0, thus ([SS)) also holds. □ 

Lemma 6.6. The hypersurface Sj. is displaceable for k < 1/2. 

Proof. Consider the Hamiltonian in T* (F \ G) given by / = ■ Clearly p^ does 
not change along the Hamiltonian flow of / and p/3 changes according to 

Pf3 = {Pa,Pl3} = 1+^7- 

Thus if fc < 1/2 and we flow a point in along the Hamiltonian flow of /, we 
have p'p > I — \/2k > 0. Thus the flow of / will displace as desired. □ 

Lemma 6.7. The hypersurface has closed contractible orbits if and only if 
k < 1/2. If k < 1/2 and v S X(Sfc) then n{v) is a positive integer multiple of 
27r(l — yl — 2A;) > and is tame. 

Proof. The equations in ([54|) show that p^ is a first integral (in fact it is the 
Casimir of g*) and that if p^ + l ^ 0, then pa andp^ are trigonometric functions 
with period T = 2Tr/{l+p^) andpa^+P^^ = 2k— p^^. Since Pq, andp^ have zero 
integral along the period, x and y are also T-periodic functions. Hence we get 
a closed contractible orbit iff z is periodic of period T (or an integer multiple). 

To analyze this condition, abbreviate /i := 1 +P7 7^ and a := ^2k — p^ > 0. 

After time shift, the solutions of Hamilton's equations are given by 

. asinpt 

Pa(t) = a cos fxt, pp{t) — asm lit, = const, x[t) — xq -\ . 

A* 
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Again looking at ([5^ . we see that periodicity of z is equivalent to 



27r/(l+p-,) 

ix{t)pp{t) +p-y)dt = 0. 



Evaluating the integral, we obtain the condition 

2p^ + ^ILzIjI = 0. (60) 

If fc < 1/2, then 1 + > and there is a unique solution to given by 
p-y = Vl — 2A; — 1 e (— -\/2fc, 0), so we have contractible closed orbits. 

If fc > 1/2 it is easy to see that there are no such solutions. Indeed, this is clear 
if 1 ^ because equation (15(11) has no real solutions for k > 1/2 and only 
the solution p-y = — 1 for fc = 1/2. It remains to analyse the case p-^ = —1. It 
gives rise to a circle Pa^ +Pp'^ = 2fc — 1 of critical points for the Euler vector field 
(which degenerates to a point when k = 1/2). Thus along solutions Pa,Pi3,p-y 
are constant, and from ((54|) we see that 



x{t) = a;o + Pat, y{t) ^ yo + ppt 

are periodic iffpa = = (so in particular fc = 1/2). But then z(t) = ZQ+p^t is 
not periodic since p-y 7^ 0, so there are no contractible closed orbits for k > 1/2. 

Since dip = uj, to compute n{v) we just need to integrate ip along one of the 
closed orbits of Xh described above. Since iP{Xh) — 2k + p^ we deduce 



n{v) = T(2fc + p^) = 27r(l - Vl - 2fc) > 0. 
This also shows that is tame. □ 

Remark. It is not hard to show that for fc < 1/2, the closed contractible orbits 
form a Morse-Bott 4-dimensional submanifold of Sfe difFeomorphic to (F \ G) x 
S\ 

Lemma 6.8. The Mane critical values equal c = cq — 1/2. 

Proof. As noted above, 2H{'y) = 1 implies cq < 1/2. On the other hand, 
Lemma l6.4l and Lemma l5.3l implv cq > 1/2, hence cq = 1/2. Since F is nilpotent, 
it is amenable and c = cq by property (iv) in Section 15.31 □ 

Lemma 6.9. The hypersurface S1/2 is not stable. 

Proof. By Lemma [6.71 '^1/2 has no closed contractible orbits. By Lemma 16.61 
Efc is displaceable for any fc < 1/2, hence Theorem 11.5! implies that E1/2 is not 
stable. □ 
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6.3 PSL{2,R) 



The magnetic flow discussed here also appears in [5^. It will be convenient for 
us to identify PSL{2,'U.) with SM'^, the unit sphere bundle of the upper half 
plane with its usual metric of curvature —1 



y2 

We recall that the standard identification </>: SM.'^ — > PSL{2,M.) is given as 
follows: (/)(a;, y, v) is the unique Mobius transformation T (with real coefficients) 
such that T{i) = x + iy and whose derivative at i takes the tangent vector (0, 1) 
at i to the tangent vector v at {x,y). In SiP we consider coordinates {x,y,9) 
and the following vector fields 

Odd 

X = ycosB — +ysm9- cosfl— , 

ox oy aO 

d d d 

Y = sin 61 — + ycos6'— +sin6l— , 
ox oy oO 

do 

It is easy to check that these vector fields satisfy the bracket relations: 

[X,Y]^~V, [V,X]^Y, [V,Y]^-X, 

so they form the basis of a Lie algebra isomorphic to sl(2,M). In fact under 
the map (f) the vector fields X, Y and V correspond to the left invariant vector 
fields on P5i(2,R) whose values at the Lie algebra s[(2,R) are: 

/ 1/2 \ / -1/2 \ y_( Q 1/2 

\ Q -1/2 y ' -1/2 )' \ -1/2 

The dual coframe of left-invariant l-forms {a,/?, 7} is given by 

cos Odx + sin 9 dy 
a = , 

y 

— sin 9 dx + cos 9 dy 

y 

7 = Vd9. 

V 

Using this coframe we identify T* S^S? with 511^ x sl(2, R)* and we obtain coor- 
dinates (x, y, 9,Pa,Pi3,P'y)- The left-invariant coordinates (pa,Pi3,P-y) are related 
to {px,Py,pe) by the formulas 



Pa = {yPx -pe)cos9 + ypy sin 9, 
Pp = -{yPx ~ Pe) sin 9 + ypy cos ( 
Pj ^Pe- 
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We will endow S'H^ with its Sasaki metric. In this case this means the unique 
metric that makes the basis {X, Y, V} an orthonormal frame at every point. 
Explicitly 

ds^ = i- [i^ + + {Oy + xf . 

L J 

The Hamiltonian is 

2H = (ypj; -pef + {yPyf+Pe = pJ +Pi3^ + P-i^ ■ 
The magnetic field is given by the left-invariant exact 2-form 

dx A dy 



a := d'y = 



y2 



The Hamiltonian vector field of H with respect to the twisted symplectic form 
uj is given by 

X = V{VPx~Pe), Px = Py, 

Xh = { V y'^Pv Py = {~ypx+pe){px + i/y)''ypl, 

) = 2pg~ ypa:, pe = 0. 



(61) 



In terms of the left-invariant coordinates we get 



i = y(PaC0s6l -p/3Sin6'), Pa = 2pf;Py+pp, 

Xh ^ { V = 2/(pQsin6'-|-p/3COs6'), pp = -2paP^ - pa, (62) 

j — Pf — Pa COS 9 + Pj3 sin 9, p^ — 0. 

The Poisson brackets of the left-invariant coordinate functions are 

{Pa,Pl3}^-P'(-l, {Pa,P'(} ^ -PP, {Pl3,p.y} ^Pa- 
Let the Liouville 1-form be = Pxdx + Pydy -\- pgd9 and let 

ij) :— V -\- r*7. 

Clearly dip = lu. We compute 

il^iXu) = Pxy{yPx - Pe) + y^pl + {2pe - ypx){pe + 1) + {ypx - Pe) 

^2H + pg=2H+p^. (63) 

Let r C PSL{2,M.) be a discrete cocompact lattice which acts without fixed 
points on H^. We denote the quantities on the quotient r*(r \ ^5*^(2,1^)) by 
the same letters H, Let H~^{k) (fc > 0). 

Lemma 6.10. The hypersurface is of contact type if and only if k > 1/2. 

Proof. Equation (|63p tells us right away that if fc > 1/2, then is of contact 
type with contact form ip since in this case 



■4>{Xh) =2k+p-y>2k- V2k > 
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for every point in S^. An inspection of (jHH) reveals that Pa = Pp — 0, = 
— -\/2fc, X = xo, y = Uo, 0{t) = 00 ~ V^kt give orbits of Xh with energy k 
which project to closed orbits in r*(r \ G). These closed orbits are in fact 
null- homologous. To see this note that F \ PSL{2,M.) can be identified with 
the unit circle bundle of the closed Riemann surface F \ H^. The closed orbits 
of Xh under consideration, when projected to F \ PS'L(2,M), are precisely the 
unit circles in ^(r \ H^). But these circles are null-homologous. Indeed, it is 
well known (and it follows from the Gysin sequence of the circle bundle), that 
the foot-point projection map S{r \ H^) i— >■ F \ induces an isomorphism 
/fi(r\H2,M) = i/i(-5'(F\H2),R). 

Let 6 be one of these distinguished null-homologous closed orbits of Xh and let 
T be its period. Using ([63|) we see that for fc < 1/2 

/ V = (2fc - V2k)T < 0. (64) 
Js 

Now let n be the Liouville measure on Sj.. Again, using we obtain 

/ ^p{XH)dfi= I {2k+p^)d^^2k>0. (65) 

By Lemma [2.91 the Liouville measure is exact as a current, so (|M|l , ([S5)) and 
CoroUarv 12.81 ensure that cannot be of contact type. Alternatively, instead 
of the Liouville measure one may also take the distinguished null-homologous 
closed orbits with Pa = pp = 0, p-y = \/2k, x — xq, y — ya and 9{t) — 9o + \/2kt. 
The integral of -0 along them has value {2k + V2k)T > 0. □ 

We now prove that in this example we have a gap between c and cq of size 1/4. 

Lemma 6.11. The strict Mane critical value equals cq — 1/2, but the Mane 
critical value equals c = 1/4. 



Proof. Note that 2H{^) = 1 and thus cq < 1/2. If cq < 1/2, then by Lemma [Ql 
we would have energy levels Efc with fc < 1/2 which are of contact type, which 
is impossible by Lemma [6. 101 Thus cq — 1/2. 

Now consider the 1-form 

dx dO 

Clearly dS = d-y in SU^ and 2H{5) = 1/2. (Note that 6 is not left-invariant.) 
Thus c < 1/4. The fact that c — 1/4 is most easily seen as follows. Consider 
the Lagrangian L in SV? determined by 5, namely 



x^ + {By + xf 



X 

y 



Let Cr be the curve in given by the boundary of a geodesic disk Dr of 
radius r. We parametrize Cr so that it has hyperbolic speed equal to \/2k and 
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it is oriented clockwise. Let £r — 27rsinhr be its hyperbolic length. If we let 
{x{t),y{t)) be the chosen parametrization for Cr, let Br be the closed curve 
given by [Q,£r/V2k] 3 t {x{t)/y/2,y{t)). By taking 9 constant, we may see 
Br as a closed contractible curve in SM"^. We will compute the action AL+k{Br) 
and show that for any k < 1/4, there is r such that AL+k{Br) < 0. This implies 
c = 1/4 (cf. Section [S]). Indeed we have 



The last expression shows that if fc < 1/4, then A^+kiBr) — > — oo as r — J' oo. 

□ 

Lemma 6.12. The hypersurface is stable for k < 1/4 and k G (1/4, 1/2). 
Proof. Consider the following form on 

f ~, 2 ■ 

Pa +Pl3 

This form is smooth away from p^ = ±V2k and dip = 0. As in the case of the 
Heisenberg group, we look for stabilizing 1-forms A of the form 

f{Pi)i^ + 9{Pi)^, 

where / and g are smooth functions in [— A/2fc, \/2k] and g vanishes in neigh- 
bourhoods of the end points. Using ■iP{Xh) = 2k + p^ and lp{Xh) = 1 + 2p^, 
the condition X{Xh) > is equivalent to 



To see that we can always choose / and g satisfying (|66p and ([ST]) provided that 
fc < 1/4 or fc G (1/4, 1/2) we proceed as in the case of the Heisenberg group, 
but we will need some minor adjustments. 

Case fc < 1/4. Here -V2k < -1/2 < -2fc. 

Take a non- negative smooth function r{p-y) which vanishes outside a small neigh- 
bourhood of — 2fc which excludes —1/2 such that r(— 2fc) > and 




{2k + p^)f{p^) + {1 + 2p^)g{p^) > 0, 



(66) 



and the condition ix^dX = is equivalent to 



{2k+p^)f'ip^) + {l + 2p^)g'ip^)^0. 



(67) 
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Note that this is always possible. Indeed as r we could take (1 + 2p^)q{2k + p.y) 
where q{t) is a smooth non-negative even bump function with small support 
containing the origin. Now let 

f{Pj) r r{t)dt 

J -2k 

and 

Clearly (157)) holds. With these choices, / vanishes only at —2k, is negative at 
the left of — 2fc and positive at the right of — 2fc. Also g > 0, it vanishes outside 
a small neighbourhood of —2k and g{—2k) > 0, thus ([55)1 also holds. 

Case k G (1/4, 1/2). Here —\/2k < —2k < —1/2. As in the previous case, take 
a non- negative smooth function r{p~/) which vanishes outside a small neighbour- 
hood of —2k which excludes —1/2 such that r{—2k) > and 



/2k 



2k 



1 + 2p. 



J) 

—r{p^) dp^ — 0. 
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Also let 



and 



fip-,) := r r{t)dt 

J -2k 

fP-' 2k + t , , , 
9{P,) ■■=- j_^^YT^^r{t)dt. 

Clearly (|67|) holds. With these choices, / vanishes only at —2k, is negative at 
the left of —2k and positive at the right of —2k. But now 5 < 0, it vanishes 
outside a small neighbourhood of —2k and g{—2k) < 0, thus ([66]) also holds 
since now 1 -|- 2pj is negative in the small neighbourhood of —2k. 

□ 

Lemma 6.13. The hypersurface is displaceahle for k < 1/4. 

Proof. Consider the Hamiltonian in T*{T\G) given by / = p^. Clearly pfi does 
not change along the Hamiltonian flow of / and Pa and Pj change according to 

Pa = {Pp,Pa} =P-y + l, 
Pi = {PH^Pl} =Pa- 

These equations are easy to solve and one finds that 

2pa{t) = (Pa(0) + p^{0) + l)e* + (p„(0) - p^{0) - l)e-K 
But if fc < 1/4 and [pc{0)]^ + [p/siO)? + K(0)]^ = 2k, then 
p„(0) -t- p^(0) + 1 > 1 - 2VA? > 0, 
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and the flow of / wifl displace Efc as desired. 

□ 

Closed contractible orbits and entropy. We now will study dynamical properties 
of the magnetic flow. For this purpose it is better to revert to PSL{2,M.) and 
use the group structure. 

Equation ([S^ gives the Euler equations in sl(2, M)* . These are easily solved and 
after a time shift one obtains: 

Pa — A cos /it, Pi3 — Asm fit, pj ~ C, 

where /i := — 1 — 2C, A^ + 0"^ = 2k and k is the value of the energy. This curve 
b{t) in s[(2,M)* gives rise to a curve a{t) in s[(2,]R) via the Legendre transform 
of i?: 

a{t) = A cos fitX + A sin fitY + CV 

A ./^l/2 \ V -1/2 \ ^/ 1/2 

= Acosfit{ ' . ,„ \+Asinfit[ . ' +C' ' 



-1/2 ) _i/2 ) \ -1/2 

_A/ cosfit - sin fit \ l\ 

~ 2 V -sin^i -cos fit J ~^ 2 \ ~l ) ' 

Let us consider the loop of matrices in 5*0(2) given by 

_ / cos{fit/2) sm{fit/2) 
' \ ~sm{fit/2) cos{fLt/2) 

Clearly Q{t) = e*^ where 

R = 

Then we may write a{t) as 



fi/2 
-At/2 



a{t) - Q{t) "^/^ _ ) Q*{t) + f ( J ) , (68) 

where Q*{t) denotes the transpose of Q{t). Since our system is left-invariant, in 
order to flnd the solution of Xh through a point {q,p) € PSL(2,R) x s[(2,]R)* 
with H{p) — k and p — {A, 0, C) we may proceed as follows (cf. [5 , Appendix 2] 
or [51 Section 4.4]). We compute a{t) and then we solve the matrix differential 
equation in PSL{2,M.) given by 

m ^ 9it)a{t), .9(0) = /. 

The desired solution curve is {q g{t),b{t)). To solve the matrix differential equa- 
tion we make the change of variables 

h{t) :=g(t)g(i). 
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A calculation using ([BS]) shows that h satisfies 



h{t) = h{t)d, 

where d is the constant matrix 

1/ A C + fi\_lf A -1-C\ 
2\-{C + fi) -A J^2\l + C -A )■ 

Therefore we have obtained the following explicit formula for our magnetic flow 

Uq.p)^{qe'^Q*{t)Mt)). (69) 

From this equation we shall derive various dynamical consequences. We will say 
that the matrix d G s((2, M) is elliptic if (l + C)^ > A^, parabolic if (l + C f = A^ 
and hyperbolic if (1 + C)^ < A^. 

Recall from Section |3] the definition of tameness and the w-energy 

Lemma 6.14. The hypersurface T.^ has closed contractible orbits if and only if 
k < 1/4. If k < 1/4 and v € then fl{v) is a positive integer multiple of 

7r(l — y/l — 4/c) > and Efe is tame. 



Proof. Before embarking into the proof we make some preliminary remarks 
about PSL{2, R). A ma trix d £ sl{2, R) satisfies e'^ = ±1 if and only if det d>0 
(i.e. d is elliptic) and V det d/n is a positive integer. Let us call r :— n/^/detd 
the period of d. It has the property of being the smallest positive real number 
t for which e*'^ = ±1 (and in fact equal to — /). The fundamental group of 
PSL{2, R) = SW^ is of course Z and is generated by the loop [0, r] 9 t H> e*'^ of 
any elliptic element d. Any two such loops determined by elements di and d2 
will be homotopic iff di and c?2 belong to the same side (i.e. connected compo- 
nent) of the solid cone detd > in the Lie algebra sI(2,]R). If they belong to 
opposite sides of the cone, they will have opposite homotopy classes. 

Suppose now that we look for a closed contractible orbit on with /i 7^ 0. 
For b{t) to be periodic it must have period T 27r//|/i| where / is a positive 
integer. Using ([69)) we see that 

0t('?,p) = {qe^'\p) = {q,p) 

and this happens if and only if the matrix d is elliptic and e^'' — ±/ (recall 
that we are working in PSL{2,M.)). The last equality forces T = mr, where m 
is a positive integer and t is the period of d as defined above. In order for this 
closed orbit to be contractible in we need the loop 

[0,r] 3 t ^ e*''e~*-^ 
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to be contractible in PSL{2,M.). But the homotopy class of this loop is m[d] — 
l[R], where [d] and [R] denote the homotopy classes associated to d and R respec- 
tively. Since m and I are positive and [d] — ±[R], the loop will be contractible 
iff m = / and [d] = [R] (i.e. d and R must belong to the same side of the cone 
detd > 0). Hence 2\ii\ = l/Vdet d which translates into 2C^ + 2C — —2k. Since 
d is elliptic we must have (1 + CY > — 2k — which implies fc < 1/4 as 
desired. 

The quadratic equation 2C^ + 2C = —2k gives the following values for C and 

2C= -1± V1-4A:, n = tVI - 4fc. 

However, the values 2C = — 1 — Vl ~ 4/c, /i = ^1 — Ak give rise to elements d 
and R such that [d] = — [i?] . Hence the unique values of C and /i for which we 
obtain closed contractible orbits are: 

2C = -1 + Vl-4A:, /i = -\/l-4fc. 



Finally, note that if we are at a p with fi — 0, then the flow is just (f>t{q,p) = 
{qe*'^,p) and even though the orbits are all closed, they are clearly not con- 
tractible. 

Since dip = uj, to compute Q{v) for a contractible closed orbit v on we just 
need to integrate -0 along one of the closed orbits of 0( described above. Since 
iP{Xh) = 2k + C we deduce 

n{v) = T{2k + C) = nl{l - Vl -4fc) > 0. 

This also shows that Efe is tame. □ 

Lemma 6.15. The topological entropy of (pt on Efe is zero if and only if k < 1/4. 



Proof. Recall that by the variational principle for topological entropy and Ru- 
elle's inequality, the topological entropy vanishes if all the Lyapunov exponents 
are zero. Recall also that by Pesin's formula, the topological entropy is at least 
the integral of the sum of the positive Lyapunov exponents with respect to the 
Liouville measure [42 . Inspection of (|69p shows that all the Lyapunov expo- 
nents are zero if if all possible d's are elliptic or parabolic. It also shows that 
as soon as there are d's which are hyperbolic, there will be a positive measure 
set (with respect to the Liouville measure) with positive Lyapunov exponents. 
Hence the topological entropy of the flow is zero if and only if all possible d's 
are elliptic or parabolic. This will happen if and only if 2C^ + 2C -I- 1 > 2A; 
for all C e [— \/2k, \/2fc] . It is easy to see that this is equivalent to saying that 
fc<l/4. □ 

Lemma 6.16. The hypersurfaces E1/2 and S1/4 are not stable. 

Proof. By Lcmma[6T4l S1/4 has no closed contractible orbits. By Lemma [6.131 
Efc is displaceable for any k < 1/4, hence Theorem 11.51 implies that S1/4 is not 
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stable. Alternatively, we could say that E1/4 contains a copy of the horocycle 
flow (arising when fj, — 0) and thus it cannot be stable. 

The proof that is not stable is a bit more involved and we need some 

preliminary observations. 

Lemma 6.17. Let N be a closed manifold with a non-zero geodesible vector 
field F . Suppose G is a compact Lie group acting on N and leaving F invariant. 
Then there exists a G-invariant 1-form which stabilizes F . 

Proof. Let /i be the Haar probability measure and Lpg the difFeomorphism on N 
determined hy g € G. Let A be a stabilizing 1-form for F and set 

A := / (p*gXd^i{g). 
Jg 

It is straightforward to check that A is G-invariant and that it stabilizes F. □ 

Consider the flow of on F \ PSL{2,R); it is simply given by the right action 
ofe*^. Its lift to T*{T\PSL{2,R)) ^T\FSL{2,R) xsl(2,]R)* is given by 

(qe*^,Ad:.v(p)). (70) 

This gives an action of that leaves H, r*7 and dip invariant, so acts on 
(T*(r\P5i(2,R)),cj) by Hamiltonian transformations and it has moment map 
Pj. We denote the vector field of this action by V* . 

Let Si/2,c C Si/2 be given hy p^ — C and C is constant (energy-momentum 
reduction). Clearly leaves Si/2,c invariant and, Xh and V* are linearly 
independent except when C = ±1. 

Suppose Si/2 is stable. By Lemma 16.171 we may take an S'^-invariant stabilizing 
1-form A. Consider the restriction of both A and ip to the 4-manifold Si/2,c 
for C > — 1 close to —1. The forms dX and dip = lu are both annihilated by 
Xh- The form dip is annihilated by V* and we claim that dX is also annihilated 
by V* . To see this, it suffices to show that X{V*) is a constant function since 
A is 5'^-invariant. Observe that the function X{V*) is invariant under both 
and the fiow of Xh so it descends to a function on Ei/2,c/'5'^ — T \ PSL{2,M.) 
which is invariant under the reduced flow of Xh- However, this reduced fiow 
is given by the right action of e***. This follows from (|69| and (f70| (note that 
b{t) = Adg-tnv (p)). Since d is hyperbolic for — 1 < C < 0, the right action of 
e*'' is Anosov and thus X{V*) must be a constant. 

Hence, the forms dX and dip = uj are both annhilated by Xh and V* . Since dip 
is non-degenerate in a transverse plane to the span of Xh and V* we deduce 
that there exists a smooth function /; Si/2,c ^ ^ such that on Si/2,c have 

dX = fdip- 

The function / is invariant under both and the fiow of Xh so it also descends 
to a function on Ei/2.c/'S'^ = r\PSL{2, M) which is invariant under the reduced 
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flow of Xh and as above, we deduce that / must be a constant. If we now let 
C vary close to —1 we get / — f{C) and dX = f{C)d^p. We wish to derive a 
contradiction from this. 

We proceed as follows. On S1/2 = T \ PSL{2,R) x we let X (X,0) and 
Y := (Y, 0). These vectors are of course tangent to S1/2.C ^^i every C. A simple 
calculation shows that dipiX^Y) = dv{X,Y)+T*d"f{X,Y) = + 1 = 1 and thus 
/(C) = dX{X,Y). We now let C — > — 1 and wc may suppose that /(C) — )• a for 
some a e R. On Si/a.-i = r \ PS'L(2,M) x {(0,0,-1)} we have 

dX — a d'ip- 

The 1-form A — a-0 is closed and (A — aip){XH) — X{Xh) > since %Ij{Xh) — 
on Si/2,-1. But this is impossible since the Hamiltonian flow on Si/2,-1 is given 
by the circle action 

c^t{q.p) = {qQ*{t).p), 

which is completely periodic with all closed orbits homologous to zero. Thus 
Ei/2 cannot be stable and Lemma 16.161 is proved. □ 

6.4 Sol- manifolds 

Let G = Sol be the semidirect product of with M, with coordinates (yo, 2/1, u) 
and multiplication 

{yo,yi,u)-k{yQ,y[,u') = (yo + e"yo,2/i + e""yi, w + u'). 

The map (j/o, yi,u) t-^ uis the epimorphism Sol — > R whose kernel is the normal 
subgroup M^. The group Sol is isomorphic to the matrix group 

e" yo 
e-" yi 
1 

It is not difHcult to see that Sol admits cocompact lattices. Let A G 5L(2,Z) 
be such that there is P G Ci(2,R) with 

and A > 1. There is an injective homomorphism 

Z Sol 

given by (m, n, I) {P{m, n), (log A) /) which defines a cocompact lattice F in 
Sol. The closed 3-manifold F \ Sol is a 2-torus bundle over the circle with 
hyperbolic gluing map A. 
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If we denote by Pu, Pyg and py-^ the momenta that arc canonically conjugate to 
u, 2/0 and yi respectively, then the functions 

ai = e'^Pyi, 

V ^ Pu 

are left- invariant functions on r*Sol. The closed 2-form 

a = -dyo A dyi (71) 
is also left- invariant, and we consider the twisted symplectic form 

Wcr = dpu Adu + dpyg A dyo + dpy^ A dyi - dyo A dyi. 

The Casimir of g* is f = v + aoai and the left-invariant Hamiltonian is given 
by 2H := + a\ ^ v'^ . An easy calculation shows that the vector field of the 
magnetic flow is: 

Xh = (e"ao, e~"ai, z/, — ai + uao, ao — i^ai, a\ — Oq). 

The dynamics of the magnetic flow is very interesting and was investigated in 
[TU] . It turns out that all energy levels have positive Liouville entropy and they 
all carry closed contractible orbits. The magnetic field is non-exact and is a 
generator of ^ (F \ Sol, M) . Since the lattices are solvable there are no bounded 
primitives for u in Sol and the Marie critical value is oo. 

Proposition 6.18. The hyper surface is stable and displaceable for any k > 
0. 

Proof. Let 

A fdu + -{aodai — aidao). 

Since all objects involved in the definition of A are left-invariant, A descends 
to compact quotients of Sol. A calculation using that df{XH) = shows that 
ixff c?A = 0. One also sees that 

\{XH) = k+—>0, 

and thus A stabilizes S^. The proof that is displaceable can be found in [lOj 
and is similar to the proof of Lemma 16.61 

□ 
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6.5 The case of a symplectic 

In this subsection we study the special case in which the closed left-invariant 
2-form fj is symplectic and we show that low energy levels are always stable. 

Proposition 6.19. Assume that a is symplectic and let H^fx) = |a*P/2 for 
some fixed positive definite inner product in q* . Then there exists fcp > such 
that for all k < ko the hypersurface Sfe is stable. 

Proof. We will show that there exists fco > such that for all k < k^ the Euler 
vector field E is geodesible in Sfc. By Lemma [2.31 this implies the stability of 

Since a is symplectic, inspection of the bracket given in (ii) of Lemma |6 . II shows 
that for all k sufficiently small, the Poisson bracket { , jo- is non-degenerate on 
the set H^^{[0, k]) C g*. In other words, for all /i e H^^{[0, k]) the linear map 
Bti- 0^0* given by 

B^{X){w) ■.= fi{[X,w])-ae{X,w) 
is invertible. Let A: — > 0* be A{X){w) :— (Je{X,w). We may write 

Ei^i) = £;0(m) - J/i 

where J: 0* — > 0* is defined by Jii{w) :— a{d^H, w) and is the Euler vector 
field for cr = 0. A short computation shows that J is uniquely determined by 

a{tv) :=a(A-i^,A-S) = (^,J-i,7). 

For k small the Poisson structure { , jo- is induced by the symplectic form zu in 
H-^{[0,k]) given by 

■^{lJ-){B,^{v),Bf,{w)) := fJ.{[v,w]) - cr{v,w). 

Inverting we get 

■uj = —(7 + dr 

where r is a 1-form such that |T(/i)| — 0{k) for /i e iJ^^([0,fc]). (The 2-form 
w -\- a \s 0(fc^/^), so we can choose a primitive which is 0{k).) Let a be the 
1-form in g* given by a{p){rj) := J~^r]) /2. Then 

zu = d{—a + r). 

On Sfe we have is'co = and 

(-a + T){^l){E{^l)) = a{^l){J^l) - a{n){E\^i)) + T{fi){E'{fi)) - T(/i)(JM) 

= fc + 0(fc3/2), 

because a{Jfj,) — |/ip/2 = k and E^{ii) is quadratic in ^. Thus for k small 
{—a + t){E) > on and E is geodesible (in fact contact). □ 
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Suppose now that G admits a cocompact lattice F C G. Then we have a 
symplectic manifold (F \ G, cr) . Any left invariant metric will give rise to a 
magnetic flow with stable low energy levels. We now look in detail at a concrete 
example. 

Example 6.20. Consider the 4-dimensional nilpotent Lie algebra g with basis 
{Xi, X2, X3, X4} whose only non-zero bracket is [Xi,X2] = -^^3. If {61,62,63, 64} 
is the dual basis of q* , then dei — de2 — de4 ~ and dea = — ei A 62. The 
symplectic 2-form is 

a — —61 A 63 — 62 A 64. 

If Xi denote the coordinates of /i e g* in the given basis we easily find that the 
non-zero Poisson brackets of { , }„■ are: 

{xi,X2}^X3, {a;i,a;3} = {a;2,a;4} = 1. 

We see right away that { , } is non-degenerate at every point ^ e g*. In this 
case it is easy to invert the operator of the previous proposition and we find 
zu to be 

w = —a — X3 dxz A dx4 

= dx\ A dxT, + dx2 A dx^ — X3 dxs A dx^. 



If we let 



then 



xidx^ — xsdxi + X2dx4 — X4dx2 x^dx4 
2 ~ 

w = dO. 



Now take i? (/i) — |/ip/2, where the inner product is defined so that {ei, 62, 63, 64} 
is an orthonormal basis. The Euler vector field Eu is easily computed using 
Lemma |6. II One finds 

Eh(p) = {-X2X3 - X3,XiX3 - X4,Xi,X2) 

= EU^i) - 

= {-X2X3, X1X3, 0, 0) - (a;3, a;4, -xi, -X2). 

Next we compute 9 {Eh) and we find: 

, , .t| + + -|- x| ^12:32:4 
9{Eh) = . 



Using that 



we obtain 



X1X3X4 _ d{x2X4){EH) xi - x\ 
2 ~ 2 2 



d{x2X4)\ x\-\-2x\+x\ 



{Eh) 
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Then 

^ 2 
is a primitive of vj such that on S^: 

v{Eh) > 

with equahty if and only ii xi — X2 = x^i ~ and x^ — ±V2k. Since this set 
is not invariant under the flow of Eh we conclude that for any invariant Borel 
probability measure v on we have 

/ ^iEH)d:y>0 
and thus Eh is in fact of contact type by Theorem 12.71 

Summarizing, we have shown that Eh is geodesible on for any fc > 0. Let 
G be the simply connected Lie group with Lie algebra g. This group certainly 
admits cocompact lattices F. The manifold (F \ G, cr) is symplectic (with first 
Betti number 3 in fact) and with the left invariant metric considered above we 
obtain that is stable for any fc > 0. Every compact set here is displaceable 
by [ini Theorem B] and the Mane critical value is oo since F is nilpotent. 

A realisation of G is "H x M where H is the 3-dimensional Heisenberg group. The 
metric is just the product metric. It is easy to see that H has no contractible 
closed geodesies, hence the same is true for G. 



7 Proofs of the theorems 
7.1 Proof of Theorem 11.11 

For the case of tame stable hypersurfaces and tame stable homotopies the the- 
orem is a consequence of Theorems 14.141 and 14.151 Note that we could take as 
definition of RFHIj:) either RFH(T,,V) or RFH (T,,V). The claims for the 
virtually contact case are straightforward extensions of the contact case treated 
in [12]. Indeed, the virtually contact condition implies that the period-action 
inequality for almost Reeb orbits of Proposition 3.2 in [T^] continues to hold 
with constants now depending on the constants appearing in the virtually con- 
tact condition. Here we use that 7ri(E) injects into 7ri(Af). Similarly, for the 
time-dependent case Proposition 3.4 in [12] continues to hold for a virtually 
contact homotopy. Having established these two Propositions the forthcoming 
arguments can be repeated just word by word. 

Remark. In the virtually contact case, one can replace the condition that 7ri(I]) 
injects into 7ri(V) by a weaker condition which we now explain. 

Consider a Hamiltonian structure w on a closed odd dimensional manifold S. 
We call the pair virtually contact, if on a cover tt: S — >■ S there exists 
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a primitive A G f7^(S) of 7r*cj with the property that for one and hence every 
Riemannian metric g on S there exists a constant c = c{g) > such that 

||A|U.,<c, mU>g<c\m\, V C e ker(7r*w). 

We refer to the one-form A as a bounded primitive. A closed hypersurface E 
in a symplectic manifold (V, w) is called of virtual restricted contact type, if 
there exists a cover tt: V ^ V and a primitive A of n*oj such that A|^-i(j]) is a 
bounded primitive for (S.cjjs). 

Lemma 7.1. Assume that {V,ui) is symplectically aspherical, i.e. to vanishes on 
Tr2{V), and T, C V is a closed hypersurface with the property that (S,u;|j]) 
is virtually contact and the inclusion homomorphism i^: 7ri(E) — )• 7ri(y) is 
injective. Then S is of virtual restricted contact type. 

Proof. Let tt : V ^ V he the universal cover of V. Since V is simply connected 
we have by Hurewicz theorem that 

H2{V;Z) = 7r2{V)=n2{V). 

Since {V, u) is symplectically aspherical we deduce that 7r*w vanishes on H2{V; Z) 
and hence _ 

[n*u;] = OeHj^{V). 

We conclude that there exists Aq € ^^{V) such that 

dXo = -K*LO. 

Because is virtually contact, there exists a bounded primitive Ai on a 

cover of S. Since Ai is bounded, there exists a bounded lift Ai to 7r~^(S) c V. 
Note that 

dXo\-K-HT.) - d\\ = 7r*w|^-i(s) - 7r*w|^-i(s) = 0. 
We conclude that Ao|t-i(s) — defines a class 

However, since u: 7ri(I]) — >■ tti{V) is injective, each connected component of 
7r~^(S) is simply connected. Therefore -ff]^(7r~^(E)) = {0} and consequently 
there exists / e C°°(7r-^(S),]R) such that 

df = Ao|^-i(E) - Ai. 
Extend / to a smooth map / e C'°°{V, M) and set 

A = Ao - df. 

Noting that _ 

A|7r-i(S) = Ao|:^-i(E) - rf/ = Al 

we conclude that A is a primitive of n*co whose restriction to 7r~^(S) is bounded. 
This finishes the proof of the lemma. □ 
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Theorem 11.11 continues to hold with the same proof if we assume that S is of 
virtual restricted contact type. The hypersurfaces of Lemma 15.11 are of vir- 
tual restricted contact type, but when dimM = 2, 7ri(E) does not inject into 
7ri(r*M). 

7.2 Proof of Theorem [lH 

Let a = 0. By Lemma 15.21 the Marie critical value is given by c = max U and 
all regular level sets are of restricted contact type, so RFH{J^k) is defined. 

For k > c each Efc is regular. By the invariance of Rabinowitz Floer homology 
under contact homotopies, we can compute RFH{Yik) for zero potential. In this 
case it is non-zero by Corollary 1.12 in [Tl]. In particular, E^ is non-displaceable 
for k > c. The dynamics on Efc, fc > c, is given by the geodesic flow of the Jacobi 
metric g/{k — U). The level set Ec is singular. 

For k < c, Efc is displaceable because it misses one fibre. 

7.3 Proof of Theorem Q 

For k > c,Yik is virtually contact by Lemma l5.1l fin fact it is of virtual restricted 
contact type) thus RFH{T,k) is defined and invariant under virtually contact 
homotopies. In particular the isomorphism type of RFH{T,k) is independent of 
k. 

Consider a path of Riemannian metrics [0,1] B 1 gt such that go = 9 and gi 
is a metric of negative curvature. By taking k > maxtg[o_i]Ct and using that the 
isomorphism type of RFH{Yik,t) is independent of t as well, we may suppose 
that g itself is negatively curved. But it is well known that the geodesic flow 
of a negatively curved metric is Anosov and does not have non-trivial closed 
contractible orbits. By structural stability the same is true for the orbits of 
Efc provided k is sufficiently large. It follows from Theorem 1 1 . 1 1 that RFH{Y,k) 
does not vanish and thus E^ is non-displaceable. 

7.4 Proof of Theorem 11.41 

This is just Theorem 15.61 

7.5 Proof of Theorem 11.51 

We argue by contradiction. Suppose the energy level Ec is stable. We will show 
that Ec must contain a contractible periodic orbit. By Lemma 12.51 there exists 
a tubular neighborhood (— e, e) x Ec of Ec such that the characteristic foliations 
on {r} X Ec are conjugate for all r e (— e, e). But by hypothesis, every compact 
set contained in the set (X),c) is displaceable, hence we may apply the 
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main result of Schlenk [5S], to conclude that for almost every r, with r < 0, 
{r} X Sc carries a closed contractible orbit. By stability, Sc must also carry a 
closed contractible orbit. 



7.6 Proof of Theorems [HH [HB] and \TM 

Theorem 1 1 . 61 follows from the lemmas in Section [6.2l and Theorem ll.il Theorem 
ll.Sl foUows from the lemmas in Section [^751 and Theorem ll.il Theorem ll.9l follows 
from the results in Section [01 and Theorem ll.il 
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